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Range-coherent matched field processing for low signal-to-noise
ratio localization

F. Hunter Akinsa) and W. A. Kuperman
Scripps Institution of Oceanography, University of California, San Diego, La Jolla, California 92093-0701, USA

ABSTRACT:
Range-coherent matched field processing (MFP) coherently combines snapshots to localize a moving, narrowband

source. This approach differs from existing MFP approaches that treat each snapshot as having a random phase due

to both unknown motion through the medium and imprecise knowledge of the source frequency. Range-coherent

MFP requires determination of the source phase acquired between snapshots. With that information, MFP can be

applied to the cross-spectrum of snapshots acquired at different times, since relative phase between snapshots is

determined by the medium properties, source location, and source velocity. Viewed another way, range-coherent

MFP is simply MFP applied to a passive synthetic aperture formed from a moving source. The synthetic aperture

geometry depends on source velocity, which is included in the MFP search space. Range-coherent MFP produces

robust velocity estimates at low signal-to-noise ratio (SNR), which permits the use of a longer fast Fourier transform

in pre-processing. The synthetic aperture array gain plus the increased input SNR afforded by the enhanced pre-

processing significantly lowers the required signal level for successful localization. In data from the SWellEx-96

experiment, range-coherent MFP successfully localizes a source that is too quiet for conventional methods to localize.
VC 2021 Acoustical Society of America. https://doi.org/10.1121/10.0005586
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I. INTRODUCTION

Matched field processing (MFP), a generalized beam-

forming method, correlates data acquired on acoustic arrays

with model outputs to localize sources.1 For each candidate

source position, a physical model provides a prediction,

which is then compared with the data in either a linear

(e.g., the Bartlett beamformer) or nonlinear/adaptive (e.g.,

maximum-likelihood estimator) fashion to estimate the like-

lihood of the candidate being the true position. MFP remains

a topic of largely theoretical interest because it requires (a)

high input signal-to-noise ratio (SNR) and (b) accurate envi-

ronmental knowledge, both of which are rarely available in

situations of practical interest. In this paper, we confront the

limitation due to SNR by applying MFP to a passive syn-

thetic aperture formed from a moving source.

Passive synthetic apertures are a method of increasing

system gain and resolution.2,3 Several works demonstrate

the formation of towed-array synthetic apertures for bearing

estimation,3–5 as well as for improving geoacoustic inver-

sion results in shallow water.6,7 The goal of this paper is to

incorporate synthetic aperture theory directly into an MFP

algorithm in a simple and robust way, using the increased

gain to lower the SNR regime in which localization efforts

can succeed.

A few conclusions may be drawn from a review of pas-

sive synthetic aperture work in underwater acoustics. First,

coherence times for stable, low-frequency continuous wave

(CW) transmissions in the ocean may be quite long.8

Second, the main limitation in synthetic aperture implemen-

tations comes from tow-path irregularities.8–11 Third, syn-

thetic aperture source localization efforts have been largely

limited to processing data from towed horizontal line arrays

(HLAs) to obtain bearing estimates.3,4,12 Range-coherent

MFP takes advantage of signal coherence at low frequencies

to extend synthetic aperture methods to source localization

in multipath shallow water environments.

Range-coherent MFP also has much in common with

coherent multi-frequency processors.13–16 Those processors

form a synthetic array (or “supervector”) by stacking mea-

surements made on an array at various frequencies. The pro-

posed processor forms a synthetic array by stacking

measurements made on an array at various ranges. Those

processors require knowledge of the source spectrum at

each frequency, either a priori or via an estimator. The pro-

posed narrowband processor uses the source phase accumu-

lated between snapshots. In both cases, additional gain

comes at the price of additional knowledge or algorithm

complexity.

It is worth distinguishing the proposed method from a

third category of research: techniques that use source motion

to incoherently combine snapshots from different ranges.

Explicit target motion compensation (ETMC)17,18 addresses

the “blurring” effect that source motion has on sample

covariance matrix (SCM) formation by using a velocity

hypothesis to correct for source motion. A recently devel-

oped method reformulates ETMC using waveguide invariant

theory,19 although source velocity still appears implicitly.a)Electronic mail: fakins@ucsd.edu, ORCID: 0000-0003-1191-0790.
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Matched field tracking (MFT),20,21 another incoherent

approach, sums ambiguity surfaces from separate covari-

ance integration periods according to a velocity hypothesis.

Whereas ETMC improves estimation of the usual SCM,

range-coherent MFP estimates a larger SCM whose ele-

ments include the cross-spectrum of the synthetic aperture

elements. In this sense, it has more in common with coher-

ent passive synthetic aperture methods and frequency-

coherent processors than with methods such as ETMC and

incoherent tracking algorithms.

During data pre-processing, range-coherent MFP dem-

onstrates an additional advantage over traditional MFP. At

low SNR, traditional MFP is constrained to use a fast

Fourier transform (FFT) bin width that encompasses the

unknown Doppler shift. Range-coherent MFP’s capability to

produce robust velocity estimates at low SNR removes this

constraint, permitting a longer FFT in pre-processing and

accordingly improved input SNR.

This paper formulates range-coherent MFP on a vertical

line array (VLA) and compares its performance to existing

MFP approaches. Section II presents background theory for

a moving, narrowband source in shallow water and shows

how to form a passive synthetic aperture. Section III reviews

relevant aspects of linear (Bartlett) and white noise con-

straint (WNC) matched field processors and SCM estima-

tion. Section IV presents simulations and Cram�er–Rao

lower bound (CRLB) calculations that compare range-

coherent MFP and traditional MFP performance. Section V

discusses the SWellEx-96 experiment, along with pre-

processing and modeling considerations. Section VI presents

the results of applying range-coherent MFP to the SWellEx-

96 dataset. The range-coherent WNC processor localizes the

source using a received multi-tone signal 36 dB quieter than

the pilot tones used for localization in previous studies. To

the best of the authors’ knowledge, this is the first study

demonstrating successful localization on any of the low-

level tonal sets transmitted during SWellEx-96.

II. CONSTRUCTING A PASSIVE SYNTHETIC
APERTURE

This section shows how to form a synthetic aperture

from a narrowband source moving at constant range-rate

and depth through shallow water. The material presented

here will be applied to data in Sec. VI.

A. Uniform range-rate source in shallow water

Modal doppler theory provides a description of the dis-

tant field radiated by a narrowband source moving at con-

stant depth zs and uniform range-rate (radial velocity) v (no

acceleration) through a range-independent shallow water

waveguide.22–24 Even though the source is narrowband, the

received signal has a finite bandwidth that is determined

by v, along with the waveguide properties. Wavenumbers

computed for a stationary source will differ from those for a

moving source by a factor on the order of v/c, where c is the

sound speed. Here, we assume the source moves slowly

enough that use of the stationary source wavenumbers intro-

duces negligible errors. The position track of the source is

given in cylindrical coordinates as

ðrðtÞ; zðtÞÞ ¼ ðr0 þ vt; zsÞ; (1)

and it radiates at angular frequency x0.

For a stationary sensor at a depth z on the z axis of a

cylindrical coordinate system, the received field from the

moving source is

pðr; z; tÞ ¼ ejx0tAðtÞ
X

i

aiðz; zsÞe�jkir0 e�jkivt: (2)

The ai are the modal amplitudes

ai ¼
UiðzÞUiðzsÞffiffiffiffi

ki

p ; (3)

where U is the ith modal eigenfunction and ki is its associ-

ated eigenvalue.

AðtÞ ¼ e�jp=4þj/0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8pðr0 þ vtÞ

p (4)

is a slowly varying envelope that contains the source phase

term, ej/0 , and the range spreading term.

It is convenient to introduce the energy-averaged wave-

number �k �
P

ia
2
i ki=

P
ia

2
i , and the received “carrier

frequency” xd � x0 � �kv. Then we can rewrite Eq. (2) as

pðr; z; tÞ ¼ ejxd tAðtÞ
X

i

aiðz; zsÞe�jkir0 e�jðki��kÞvt: (5)

The bandwidth of the signal is largely determined by

the terms of the sum and is well-approximated by the

Doppler spread between the highest and lowest order modes

B � 1

2
ðmax kif g �min kif gÞv=2p: (6)

The coherence time, s, is defined as the inverse of B,

s ¼ 4p
v� ðmaxfkig �minfkigÞ

: (7)

As a reference example, for a 100 Hz signal moving through

the far-field at v¼ 2.5 m/s in a 100 m deep Pekeris wave-

guide with bottom speed cb ¼ 1600 m/s and density

qb ¼ 1800 kg/m3, s is roughly 200 s.

If we denote the time at the beginning of a short snap-

shot window (duration T � s) by t0, the complex baseband

pressure at the Doppler-shifted frequency xd is well-

approximated by

~pðz; t0Þ ¼ Wejxd t0 Aðt0Þ
X

i

aiðz; zsÞe�jkirðt0Þ; (8)

which is the field due to a stationary source at rðt0Þ (W, a

real number, accounts for the scaling effect of the window

on the signal amplitude).
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Note the source phase term in front of the modal sum

(8): ejxdt0 ¼ ejx0t0þj�kvt0 . As pointed out by Bucker in one of

the earliest MFP papers,25 this phase term (a) naturally

rotates with time if the reference frequency is not precisely

matched to x0 and (b) rotates with (small) changes in source

location. This motivates the use of the cross-spectral density

matrix in array processing, which only emphasizes the relative

phase between array elements. However, with (a) precise

knowledge of the source frequency x0 and (b) an estimate of

the range-rate v, the relative phase between snapshots can be

modeled, and a synthetic aperture can be formed.

B. Forming a passive synthetic aperture

To form a synthetic array, take a set of snapshots at a sin-

gle array element at depth z for a sequence of initial times

ftng ¼ ft0 þ nTsyng to obtain a corresponding sequence of

complex values f~dnðzÞg ¼ f~pðz; tnÞ þ ~nðz; tnÞg that describes

the evolution of the pressure field at that sensor. ~p represents

the signal portion of the data, and ~n is additive noise. From (8),

note that the signal portion of each snapshot has a source phase

component ejx0tn related to the source frequency and the start

of the snapshot time. Remove the source phase component

from each snapshot by multiplying by its conjugate

~d
0
nðzÞ � e�jx0tn ~dnðzÞ: (9)

From Eq. (5), the modified snapshots will then be described

by

~d
0
nðzÞ ¼ WAðtnÞ

X
i

aiðz; zsÞe�jkirðtnÞ þ ~n0n: (10)

The noise has been modified to ~n0n ¼ ~nne�jx0tn .

Now the difference between ~d
0
m and a later measure-

ment ~d
0
n is only dependent on the range traversed by the

source from time tm to time tn. In other words, the modified

f~d
0
ng are identical to the signal received from a stationary

source on a stationary HLA with element spacing vTsyn.

If the original measurement system is an M-element

VLA with sensors at depths z0 þ mDz; m ¼ 0; 1;…;M � 1,

then the moving source generates a planar synthetic array

oriented endfire to a source. The array “elements” are

indexed by l, with a column-major indexing. With this

indexing, the lth array element corresponds to a sensor at

the ðl mod MÞ th sensor depth and the time sample corre-

sponding to the integer part of l/M. Put more simply, the

Nsyn column vectors of modified VLA measurements are

stacked into a “supervector” ~d of length M � Nsyn, which is

then fed into an MFP algorithm.

III. MFP

As shown in Sec. II, data from sequential times may be

formed into a single array of measurements, ~d. A SCM,

K̂ ¼ð1=LÞ
P

i
~di

~d†
i , can be formed from L samples f~dig of ~d.

Note that for range-coherent MFP, the SCM is formed from

the “supervectors” described in Sec. II.

MFP algorithms compute a weighting vector wðhÞ for

each potential vector of source parameters h and combine

them with K̂ to produce an ambiguity surface

PðK̂;hÞ ¼ w†ðhÞK̂wðhÞ: (11)

In general, the weighting vector wðhÞ is some function

of the steering vector sðhÞ, computed from an acoustic

model for each search h. In the absence of any mismatch,

the steering vector sðhÞ will match the source signal ~pðhTÞ
received on the array when h matches hT , the true source

parameter value. Steering vectors s are normalized to the

number of array elements M:
ffiffiffiffiffiffi
s†s
p

¼ M.

In a range-independent environment, MFP uses the

source position in cylindrical coordinates as the source

parameter vector: h ¼ ðr zÞT . Range-coherent MFP for a

constant depth, uniform range-rate source includes source

range-rate v in the parameter vector: h ¼ ðr z vÞT .

A. Bartlett processor

The Bartlett (also called “linear” or “conventional”)

processor25 uses a scaled steering vector as the weighting

vector, wðhÞ ¼ sðhÞ=M, so the Bartlett ambiguity surface is

simply

PBARTðK̂;hÞ ¼
1

M2
s†ðhÞK̂sðhÞ: (12)

The Bartlett processor is cheap to compute and robust

to model mismatch but performs poorly in the presence of

interferers and significant sidelobe ambiguity structure.

B. WNC processor

The WNC processor26,27 strives to balance the interfer-

ence rejection and sidelobe suppression of a minimum-

variance (MV) beamformer (also called Capon’s method

and the maximum-likelihood method) with the robustness of

the Bartlett processor. To accomplish this, it seeks an adap-

tive weighting vector waðhÞ that minimizes total output

power, maintains a borehole constraint, and satisfies an

inequality constraint on the white noise gain (defined below)

min w†
aðhÞK̂waðhÞ

subject to waðhÞ†sðhÞ ¼ 1

waðhÞ†waðhÞ
� ��1

� d2:

(13)

The white noise gain is defined as

GW ¼
jw†

asj2

w
†
awa

: (14)

Its inverse SW ¼ 1=GW is a measure of sensitivity to errors

between the actual signal ~p and the steering vector s.
26 From

the Cauchy–Schwarz inequality and the normalization of s,

GW 	 M (15)
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with equality when w ¼ as for any a 2 R. Hence, the

Bartlett weight vector w ¼ s=M maximizes white noise gain

and minimizes sensitivity. Removing the WNC entirely (or,

equivalently, setting d2 ¼ 0) results in the MV processor,

which maximizes sensitivity. The user’s choice of d2 con-

trols the trade-off between robustness and sidelobe suppres-

sion/interference rejection.

Solving the constrained optimization problem posed in

Eq. (13) yields the corresponding WNC weighting vector

waðK̂;h; d2Þ ¼ ðK̂þ�IÞ�1
sðhÞ

sðhÞðK̂þ�IÞ�1
sðhÞ

; (16)

where I is the identity matrix and �ðK̂;h; d2Þ is a regulariza-

tion parameter. An eigenvector decomposition of K̂ permits

efficient calculation of (16) (see 10.3.4 of Jensen et al.23) to

find, for each search location, an � that satisfies the white

noise gain constraint.

Often d2 is measured as some number of dB down from the

maximum white noise gain, so the expression “the white noise

gain is constrained to X dB” translates to 10 log10ðd2=MÞ ¼ X.

Thus, the 0 dB WNC processor is a Bartlett processor, and the

�1 dB WNC processor is the MV processor.

The output of the WNC processor is, from Eq. (11),

PWNCðK̂;h; d2Þ ¼ waðK̂;h; d2ÞK̂waðK̂;h; d2Þ: (17)

C. Snapshot deficiency

Adaptive methods presuppose an accurate estimate of the

SCM K̂. Snapshot deficiency occurs when a limited number of

snapshots available to form K̂ results in a poor, possibly singu-

lar estimate of the SCM. For a moving source, the number of

available snapshots is limited by the amount of time spent by

the source in a range cell (the “beam width” of a Bartlett range

estimator18). The synthetic array SCM dimension is a factor of

Nsyn larger than the dimension of the simple VLA SCM; range-

coherent MFP requires Nsyn times more snapshots than

“traditional” MFP. As a result, snapshot deficiency is likely to

occur for all but the slowest moving sources.

There are a number of methods for mitigating snapshot

deficiency. The simplest method is diagonal loading.28 This

strategy will fail to null a loud interferer creating colored

noise along the array but solves the singularity issue of a

severely deficient K̂. To deal with a loud interferer or col-

ored environmental noise, a full-rank SCM can be formed

by averaging over nearby frequency bins29 or by averaging

sequences of shorter snapshots.30 Alternatively, subspace

methods can be applied to the snapshot-deficient SCM.31

The SWellEx-96 event analyzed in this paper has no loud

interferers, so the simplest approach is taken: the SCMs

used are diagonally loaded

K̂0 � K̂ þ �I; (18)

with � ¼ 10�20 (around 8 orders of magnitude lower than

the noise power on a single phone). However, in a more

complicated noise environment, one of the above strategies

would be necessary.

D. Multi-tone MFP

When a source transmits at multiple frequencies, a sin-

gle ambiguity surface may be obtained by performing a geo-

metric mean of the ambiguity surfaces from processing each

transmitted frequency.1 The result is a single ambiguity

surface

P ¼ 1

Nf

XNf

k¼1

10 log10PðfkÞ: (19)

More optimal approaches that compensate for the

frequency-dependence of background noise exist. However,

the simplicity and effectiveness of the naive summation are

deemed sufficient for the present work. Whenever MFP

results are presented in this paper, they will be formed from

the incoherent frequency sum in Eq. (19).

IV. PERFORMANCE OF RANGE-COHERENT MFP

A synthetic array demonstrates two advantages over the

simple array from which it is formed: array gain and

improved resolution. Both of these advantages follow from

the near equivalence between the passive synthetic array

formed from a moving source and a VLA and a planar end-

fire array recording a stationary source. The only difference

between these two measurement scenarios is that a planar

endfire array recording a stationary source does not suffer

from Doppler broadening and limited covariance integration

time.

The CRLB provides a tool to quantify both the resolu-

tion and threshold effect for both simple VLAs and synthetic

planar arrays. The CRLB provides a lower bound on the var-

iance of any statistical estimator of a given parameter.1,32

The CRLB shows that although there is an increase in reso-

lution from adding synthetic array elements, the main bene-

fit of the synthetic aperture method is the lowered required

input SNR.

We computed the CRLB for the case of a source transmit-

ting at 100 Hz in an ideal waveguide (pressure release surface

and rigid bottom) with sound speed c¼ 1500 m/s and depth

D¼ 216 m. The parameter vector to be estimated is

aT ¼ ðrs; zsÞ, the source range and depth. The data model con-

sists of the signal from the source with uniformly distributed

random source phase ej/0 pðrs; zsÞ plus additive, white com-

plex Gaussian noise received on the VLA shown in Fig. 1.

The simulated data follow a zero-mean, complex Gaussian dis-

tribution with covariance matrix Kðrs; zsÞ determined by the

waveguide properties, source location, and noise power r2
W ,

Kðrs; zsÞ ¼ r2
WIþ pðrs; zsÞp†ðrs; zsÞ: (20)

Input power is defined to be r2
S ¼ ð1=NÞtraceðpp†Þ, and

input SNR in dB is 10 log10ðr2
S=r

2
WÞ. From Eq. (15.52) of

Kay,32 the Fisher information matrix (FIM) is
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Jij ¼ trace K�1 @K

@aTi
K�1 @K

@aTj

� �
: (21)

The resulting bounds on the variance of any estimator, âi, of

aTi follow from the diagonal elements of the inverse of the

FIM,

Eððâi�aTiÞ2Þ � J�1½ 
ii: (22)

The results from applying the CRLB to three array

geometries are shown in Fig. 2(a). As expected, the array

gain of additional VLA staves lowers the input SNR thresh-

old required for accurate localization.

CRLB calculations for SNR thresholds are also consis-

tent with Monte Carlo simulations of the (inefficient)

Bartlett processor applied to a snapshot-deficient SCM. For

each of the three array geometries and input SNR values,

we generated 1000 realizations of the SCM. The SCM for

each realization was formed from four independent snap-

shots (signal plus complex white Gaussian noise).

Applying the Bartlett range estimator to each realization

generates an ensemble of 1000 range estimates. From these

we form an estimate of the root-mean-square error

(RMSE). The RMSE estimates are shown in Fig. 2, and the

SNR thresholds at which they degrade match the CRLB-

derived thresholds.

The CRLB and simulations show that range-coherent

MFP can localize a source in SNR regimes where traditional

MFP cannot.

V. SWELLEX-96 EXPERIMENT

Here, we provide a brief orientation to the SWellEx-96

data set34 (and more specifically the S5 event) as well as the

pre-processing and modeling required to perform MFP and

range-coherent MFP.

A. S5 event

SWellEx-96 refers to a well-known shallow water MFP

experiment that was conducted off the coast of San Diego in

1996. The S5 event consists of a 75 min source tow at

roughly 2.5 m/s under a smooth sea state and over variable

bathymetry. The S5 event has a number of features that

make it a good candidate for demonstrating our proposed

method. It contains a slowly moving source transmitting

CW signals, so the model in Sec. II matches the scenario. A

geoacoustic model that optimizes the match between repli-

cas and data was developed by Bachman et al.35 and later

refined by Baxley et al.,33 so accurate replica calculation is

not an issue. It also contains low SNR data that have never

been used successfully for localization.

The environment is shown in Fig. 1, and the range of

the ship, which towed the two acoustic sources, for the S5

event is shown in Fig. 3. The water column depth at the

FIG. 1. Environment used for modeling the SWellEx-96 S5 event. Consists

of water column with sound speed profile (SSP) from a conductivity–

temperature–depth (CTD) cast during the experiment overlying the geoa-

coustic model derived in Baxley et al. (Ref. 33). The recording system

consists of a VLA with 21 elements spaced at 5.625 m.

FIG. 2. (Color online) Performance comparison of a simple VLA, a five-element planar array, and a ten element planar array. (a) shows the CRLB for range

estimators as a function of input SNR for the three arrays. In (b), we show the RMSE for Bartlett range estimates from 1000 simulation runs for a range of

input SNR. Note the different units between (a) and (b). For each simulation, four snapshots are used to form the SCM (four realizations of noise þ signal).
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ship’s location as a function of experiment time is also

shown. The two sources consist of a shallow source at 9 m

depth and a deep source at around 55 m depth.

The deep source simultaneously transmitted five sets of

tonals, which are labeled here as TSL (“L” for “loud”),

TSQ1, TSQ2, TSQ3, and TSQ4 (“Q” for “quiet”). As shown

in Table I, TSL is 26 dB above TSQ1, and each subsequent

quiet tonal set is 4 dB below the previous set. Each tonal set

contains 13 tones spaced between 49 and 400 Hz, and the

tones of each set differ from those of the adjacent sets by

3 Hz.

The data are received on a VLA with 64 elements span-

ning the water column from 100 to 200 m with a sampling

rate of 1500 Hz. Only every third element from the array

was included in the processing, resulting in a 21 element

VLA with 5.625 m spacing.

B. FFT length, SNR and SCM formation

FFT length T simultaneously sets the input SNR to the

matched field processor and limits the number of snapshots

available for forming the SCM. When processing data from

a narrowband source moving at unknown velocity, a wide

bin width is required to account for the unknown Doppler

shift. For a source moving at 2.5 m/s with frequency 400 Hz,

the Doppler shift is 0.66 Hz (as calculated from �kv=2p).

Calculations (not shown for brevity) show that for a

Hamming window longer than 1 s, the leakage loss for the

400 Hz band will exceed 3 dB. The lack of source velocity

knowledge limits FFT length and, hence, input SNR. Since

range-coherent MFP includes velocity as a search parame-

ter, the leakage constraint derived above no longer applies.

For each search range-rate, the Doppler shift can be com-

puted, and the appropriate bin can be selected for input to

the matched field processor. Of course, one could add search

range-rate and implement this bin-selection algorithm in tra-

ditional MFP. However, we found that simply using search

range-rate to estimate the proper bins for traditional MFP

completely fails at low SNR. Therefore, this strategy is only

available to the range-coherent method, which can accu-

rately estimate range-rate at low SNR.

SNR estimations performed for TSL, shown in Fig. 4,

demonstrate the received signal coherence properties and

inform FFT length selection when the Doppler shift is known.

For a coherent signal in white noise, doubling FFT length T
should increase SNR by around 3 dB until T approaches the

coherence time s (the time at which the source leaves its range

cell). Once T reaches s, modal leakage out of the FFT bin can-

cels out the coherent gain, and the SNR reaches a plateau.

With these considerations in mind, the data were proc-

essed in two ways: one with a 2048 point FFT (T¼ 1.4 s)

with 50% overlap and another with a 16 384 point FFT

(T ¼ 10:9 s) with 50% overlap. Table I shows the resulting

input SNR for these two settings for each tonal set. Bins cor-

responding to the nominal source frequency are selected

from the 2048-point FFT to feed into traditional, “velocity-

FIG. 3. (Color online) S5 event. The ship’s range from the VLA is shown

in (a). The three segments of the track that are analyzed, labeled A, B, and

C, are superimposed over the GPS track. (b) shows the water column depth

at the source location over the course of the event.

TABLE I. Signal level and maximum input SNR, averaged over tones in

each set, for processed segments of the S5 event for two different FFT

lengths. The maximum SNR occurs at the closest range analyzed, around

1.3 km. As the source moves away, SNR drops approximately by the cylin-

drical spreading law 10 log10ðr=rminÞ. For example, for the 8 km range, the

SNR will be 8 dB lower than the maximum value shown here.

Tonal set

Source level

(dB re 1 lPa)

Maximum SNR,

NFFT ¼ 2048 (dB)

Maximum SNR,

NFFT ¼ 16 384 (dB)

TSL 158 11 21.5

TSQ1 132 �15 �4.5

TSQ2 128 �19 �8.5

TSQ3 124 �23 �12.5

TSQ4 120 �27 �16.5

FIG. 4. (Color online) SNR estimates as a function of FFT length shown for

four tones from the loud tonal set. The dashed-dotted lines show the theoret-

ical coherence times s calculated from Eq. (7) for the SWellEx environment

with v ¼ �2:5 m/s. For a coherent source, doubling the FFT length should

increase SNR to 10 log102 dB. Both 49 and 112 Hz SNR estimates follow

this trend quite accurately. The SNRs for the higher frequencies follow a

linear trend until they exceed their coherence time, at which point they

taper off.
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ignorant” matched field processors. For range-coherent process-

ing, the bin is selected by estimating the Doppler shift from the

known source frequency f0 and the given search range-rate v.

For example, the signal from source frequency f0 will be associ-

ated with the bin closest to f0ð1� v=cÞ for each search range-

rate v (c is average modal group velocity). Range-coherent

MFP’s capacity to estimate source range-rate therefore adds

gain at the outset by simply increasing the input SNR.

The covariance integration time is set to the time spent in a

range cell of a 2.5 m/s source transmitting at the maximum fre-

quency of 400 Hz: around 25 s.36 For the 2048 point FFT

sequence, 36 snapshots are used to form the SCM. For the

16 384 point FFT sequence, four snapshots are used to form the

SCM. The synthetic element spacing Tsyn is chosen to equal

the covariance integration time. The result is two sequences of

covariance matrices for each frequency, fK̂iðf Þg2048 formed

from simple snapshots and fK̂iðf ;NsynÞg16384 formed from

“supervectors” of Nsyn stacked snapshots.

An explicit example for computing K̂0ðf ; 3Þ follows.

Let f~diðf Þg, denote the sequence of snapshots that results

from applying the 16 384 point FFT to the VLA and select-

ing the bin corresponding to frequency f. First, form a

sequence of supervectors f~dð3Þi ðf Þg,

~d
ð3Þ
i ðf Þ ¼ ~dT

i ðf Þ ~dT
iþ4ðf Þ ~dT

iþ8ðf Þ
h iT

: (23)

Note that the supervector is formed by stacking every fourth

snapshot. Then

K̂0ðf ; 3Þ ¼
1

4

X3

i¼0

~d
ð3Þ
i ðf Þ~d

ð3Þ
i ðf Þ

†: (24)

C. Modeling

The KRAKENC normal mode program37 is used to com-

pute the steering vectors sðr; zÞ for the simple VLA. The steer-

ing vectors account for the known array tilt of 1�.34 For a

synthetic array with Nsyn synthetic elements, the steering

“supervector” ssyn is formed by stacking a collection of VLA

replicas that depend on the search parameters r, z, v, and the

time Tsyn between snapshots stacked into the data supervector

ssynðr; z; vÞ ¼

sðr; zÞ
sðr þ vTsyn; zÞ

..

.

sðr þ ðNsyn � 1ÞvTsyn; zÞ

2
666664

3
777775
: (25)

As shown in Fig. 1, the bathymetry varies by almost

100 m over S5. Range-dependent modeling can account for

this. However, the results of D’Spain et al. on mirages in

shallow water38 show that a range-independent model will

still produce a significant correlation maximum, but with the

location (range and depth) of maximum correlation shifted by

an amount related to the error in assumed source depth. By

modeling the bottom as a simple linear segment between the

receiver and source, the range and depth of the correlation

maximum will be distorted from the true source range and

depth by a factor of c � D=ds, where ds is the true depth at the

source location and D is the depth at the receiver. Therefore,

the receiver depth is used as the depth of a range-independent

normal mode model, and the factor c is computed from the

known bathymetry and used to correct the ambiguity surfaces

(this same method is used by Booth et al.39).

VI. MFP RESULTS

Traditional MFP and range-coherent MFP were applied

to three segments, labeled A, B, and C, of the approaching

track (see Fig. 3). We restrict our analysis to these segments

to avoid portions of the track during which the deep source

was turned off. The ship approaches the VLA over the three

segments, so segment A is the most distant segment and seg-

ment C is the closest segment.

For each tonal set, the ambiguity surfaces from each

tone are summed incoherently as in Eq. (19). None of the

implementations managed to consistently localize TSQ4, so

we focus on TSL, TSQ1, TSQ2, and TSQ3 (see Table I for a

review of the source level and SNR of the tonal sets).

To provide an example of “traditional” MFP, Bartlett

and WNC processors were applied to the SCM sequences

fKiðf Þg2048. The result for each tonal set is a three-

dimensional ambiguity surface over range, depth, and time

for each of the two processors. After varying d2 for the

WNC, we settled on using white noise gain of –2 dB for the

“traditional” method.

Then Bartlett and WNC processors were applied to the

range-coherent SCM sequences fKiðf ;NsynÞg16384 for vari-

ous values of Nsyn to investigate range-coherent MFP perfor-

mance. For the range-coherent results, a four-dimensional

Bartlett ambiguity surface over source parameter vector

h ¼ ðr z vÞT and time ti was formed for each tonal set

PBðh; tiÞ¼
1

13

X13

k¼1

10log10PBART K̂iðf 0k;NsynÞ;h
� �

; (26)

where f 0k ¼ fkð1� v=cÞ is the received frequency of the kth

source tone fk in the tonal set. The range-coherent Bartlett

estimate is ĥðtÞ ¼ argmaxhPBðh; tÞ. The range-rate/time

ambiguity surfaces for the different tonal sets are shown in

Fig. 5.

Then, for various choices of the white noise gain d2, a

three-dimensional WNC surface is formed over h ¼ ðr z v̂ðtiÞÞT
and time ti,

PWðh; tiÞ¼
1

13

X13

k¼1

10log10PWNC K̂iðf 0k;NsynÞ;h
� �

: (27)

The search range-rate is constrained to the Bartlett estimate

v̂. All presented results for range-coherent processing use a

white noise gain of –0.5 dB, which seemed to work best.
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The number of synthetic elements Nsyn that produced the

best results depended on the experimental segment. In segment

C, the proximity to the CPA created a non-uniform range-rate

that limited the synthetic aperture length to around 300 m

(Nsyn¼ 5). In segment A and segment B, the range-rate is more

uniform. As such, range-coherent MFP worked on synthetic

aperture lengths up to 600 m (Nsyn¼ 10).

A representative comparison of ambiguity surfaces for

the four implementations is shown in Fig. 6 for TSQ3. The

signal level is too low for the simple Bartlett or WNC to

localize the source. In contrast, range-coherent WNC

accurately estimates the source range and depth while also

providing an accurate range-rate estimate.

To present comparisons over time graphically, we form

two-dimensional ambiguity surfaces by holding time and a

single parameter fixed and take the maximum over the

remaining parameters. For example, to form the range-rate/

time ambiguity surface shown in Fig. 5, take the maximum

over range and depth for each range-rate and time value.

Doppler shift range-rate estimates from TSL agree with the

range-coherent Bartlett range-rate estimates for each tonal

set. The quiet tonal sets are too quiet for Doppler shift

FIG. 5. (Color online) Multi-tone Bartlett range-rate/time ambiguity surfaces for segment C for a five synthetic element array (Nsyn¼ 5). The results using

TSL are shown in (a), TSQ1 in (b), TSQ2 in (c), and TSQ3 in (d). In each figure, a blue star marks the location of the maximum of the ambiguity surface for

each time step. In (a), range-rate estimates from Doppler shifts of TSL are superimposed. In (b)–(d), the SNR is too low to estimate range-rate from

Doppler, so only vQi, estimates from range-coherent MFP applied to TSQi, are shown.

FIG. 6. (Color online) Comparison of benchmark and range-coherent ambiguity surfaces for a sample interval for TSQ3. (a) and (c) show the Bartlett and

WNC results on a simple VLA. (b) and (d) show the Bartlett and WNC range-coherent MFP for a five synthetic element array (Nsyn ¼ 5Þ. The cross-shows

the ship range from GPS and nominal source depth of 55 meters.
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estimation, so the only estimates of range-rate come from

range-coherent MFP.

We also compare range/time and depth/time ambiguity

surfaces to assess the relative performance of the four imple-

mentations over the segments of the experiment. A compari-

son between range/time and depth/time ambiguity surfaces

over segment C for traditional WNC and the range-coherent

WNC with five synthetic elements is shown for TSL and

TSQ3 in Fig. 7. Both processors easily localize the source

over the full segment using TSL. For TSQ3, traditional

WNC completely breaks down, but range-coherent WNC

produces a nice track. In fact, traditional WNC fails on all

three segments using any of the quiet tonal sets. We show

the range-coherent result for TSQ3 because it was the lowest

set that produced a clear source track.

Range-coherent WNC range/time and depth/time ambi-

guity surfaces for all three segments for TSQ1 are shown in

Fig. 8. For segments A and B, the synthetic array consists of

FIG. 7. (Color online) Comparing “traditional” WNC to range-coherent WNC. Tracks are shown for segment C for TSL (left panel) and TSQ3 (right panel)

tonal sets. In the top row, (a), (b), (e), and (f) show depth/time ambiguity surfaces. In the bottom row, (c), (d), (g), and (h) show range/time ambiguity surfa-

ces. (a), (c), (e), and (g) show “traditional” WNC. (b), (d), (f), and (h) show range-coherent WNC with five synthetic elements. Both methods localize the

source over the whole segment on TSL. Only range-coherent WNC localizes the source using TSQ3.

FIG. 8. (Color online) Range-coherent WNC depth/time and range/time ambiguity surfaces for TSQ1 for all three data segments. Segment C, shown in (c)

and (f), uses a five-element synthetic array. Segments A and B, shown in (a) and (d) and in (b) and (e) use an eight-element synthetic array. Further from the

closest-point of approach (CPA), constant velocity translates to a nearly uniform range-rate. This permits formation of a longer synthetic aperture in seg-

ments A and B than in segment C.
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eight elements, whereas for segment C, the synthetic array

had only five elements. The ship track in Fig. 3 shows the

slight curvature of segment C. The curvature manifests as a

non-uniform range-rate. The assumption of uniform range-

rate limits the synthetic array length to intervals over which

the acceleration creates minimal mismatch. The uniform

range-rate at greater range permitted the longer synthetic

aperture used in segments A and B.

Range-coherent MFP demonstrates superior perfor-

mance to the benchmark MFP implementations on the quiet

tonal sets. Using a 500 m synthetic aperture, range-coherent

WNC localizes TSQ1 out to a range of 8 km and TSQ2 out

to a range of 5 km.

VII. CONCLUSION

Range-coherent MFP can localize quieter sources than

traditional methods. It does this by combining MFP with a

passive synthetic aperture that provides both spatial array

gain and gain from increased integration time. In the pre-

sented application to the SWellEx-96 data, these two fea-

tures result in a total gain of roughly 16 dB over previous

MFP results.

The assumption of uniform source motion limits the

maximum synthetic aperture length. Future work could

incorporate a higher order motion model, for example, by

applying the array shape matched field inversion of

Hodgkiss et al.40 to the synthetic array, or could minimize

the penalty for mismatch by incorporating an array geome-

try robustness constraint like that used in Byun et al.41

Fusing velocity, range, and depth measurements produced

by range-coherent MFP in a tracking algorithm could further

improve results.
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