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Phase stability of convergence zone propagation at
mid-frequency

F. Hunter Akins,a) William S. Hodgkiss, and W. A. Kuperman
Scripps Institution of Oceanography, University of California San Diego, La Jolla, California 92093, USA

ABSTRACT:
Mid-frequency transmissions (1.5 to 7.5 kHz) from a towed source to a drifting array one convergence zone away

demonstrate smoothly varying phase. Calculations of the strength and diffraction parameters U and K for a

representative background environment predict partially saturated propagation. For a single convergence zone path,

the evolving phase rate due to the changing internal wave field corresponds to a narrowband coherent integration

time, defined by the length of a discrete Fourier transform that likely captures the signal, from �370 s at 10 kHz to

�1370 s at 1 kHz in the absence of source motion. Simulated propagation with a split-step parabolic equation solver

through a sound speed field with thermocline fine structure and a Garrett-Munk internal wave displacement field pro-

vides a full wave picture that is consistent with the statistical predictions. Experimental data from the Philippine Sea

demonstrates signal phase that is highly correlated with source tow body vertical excursions, measured by a pressure

sensor, that couple into horizontal motion. The received signal can be integrated for up to 128 s at 5.5 kHz, with the

upper limit thought to be due to non-uniform source motion rather than ocean dynamics.
VC 2024 Acoustical Society of America. https://doi.org/10.1121/10.0032359
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I. INTRODUCTION

Phase stability is an important signal quantity for pas-

sive sonar applications and underwater communications.

The source frequency and acoustic propagation transfer

function (which includes multipath and boundary interac-

tions) determine the sensitivity of the measured acoustic

field and its stability to ocean dynamics. This work analyzes

propagation at mid-frequency from a shallow source to a

shallow receiver in a convergence zone (CZ). Theoretical

results indicate that the 60 km propagation paths, though

strongly dependent on the ocean conditions, vary slowly

with time, and support integration times of approximately

370 to 1370 s even at mid-frequency (1–10 kHz). Acoustic

data collected on a 64-element vertical line array (VLA)

from a source tow during a deep water experiment in the

Philippine Sea demonstrates smoothly varying phase. The

nonlinear component of the phase evolution (i.e., the phase

time series with its linear trend removed) is highly corre-

lated with pressure sensor measurements on the source tow

body for segments up to 210 s. Increasing signal-to-noise

ratio (SNR) can be obtained for DFT lengths up to 128 s.

Hale1 provides a review of the early history of CZ

research as well as an analysis of CZ propagation using ray

theory. In a study on CZ spatial coherence, Urick and Lund2

measured the correlation coefficient of the pressure field at

vertically separated hydrophones up to 4.572 m apart from a

shallow 1120 Hz source and found that CZ propagation had

high spatial coherence compared with non-CZ propagation.

A number of recent studies apply numerical models to

examine the sensitivity of CZ propagation to sound speed

profile (SSP) characteristics.3–5 This work analyzes the

effect of ocean dynamics, primarily internal waves, on the

phase stability of mid-frequency transmissions in a CZ and

compares the theoretical predictions to observations of

phase.

The theory of wave propagation in random media

(WPRM),6 first tailored to the ocean acoustic problem by

Munk and Zachariasen,7 predicts different propagation

regimes depending on the strength of random scattering

along propagation paths.8,9 The book of Colosi is an up-to-

date reference for WPRM in underwater acoustics.10

Application of WPRM theory to CZ propagation relevant

for the experimental data predicts propagation in the par-

tially saturated regime. In contrast with full saturation, a

regime in which the phase becomes randomized, the partial

saturation regime predicts a smoothly evolving phase and

relatively stable amplitude. WPRM theory is also used to

compute the phase rate autocorrelation function for a single

CZ eigenray in a Garrett-Munk internal wave field, which is

then related to the expected coherent integration time of a

narrowband signal.

A simulation applying the split-step parabolic equation

solver to a time- and range-dependent sound speed field

allows for a rough evaluation of multipath effects present in

the data on phase stability. The simulation results are consis-

tent with WPRM theory and indicate that multipath interfer-

ence in the CZ does not significantly degrade the integration

time. The synthetic sound speed field includes fine structure

in the thermocline near the upper turning points (100 toa)Email: fakins@ucsd.edu
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300 m depth) using the Poisson model of Pinkel11 and uses a

Garrett-Munk excited internal wave displacement field to

displace the water.

Predictions are compared to experimental data collected

in the Philippine Sea on a 64-element VLA. The received

signal phase in a CZ at 1.5 to 5.5 kHz, measured in a broad

horizontal beam, varies smoothly but has a significant non-

linear component. For segments of data up to 210 s, the non-

linear component of phase is highly correlated with pressure

sensor measurements on the source tow body. The simula-

tions and WPRM results predict integration times of approx-

imately 500 s for a stationary source at 5.5 kHz. In the data,

at 5.5 kHz, signal gain was obtained on segments up to 128 s

and thought to be limited by non-uniform source motion

(non-constant range-rate and depth) as opposed to ocean

dynamics.

The paper is organized as follows. The experiment

geometry is described in Sec. II. A definition of phase rate

coherence time relevant for narrowband passive processing

is provided in Sec. III. Analysis of CZ propagation using a

smoothed background sound speed profile, including calcu-

lations of the strength and diffraction parameters as well as

travel time statistics, is presented in Sec. IV. A single simu-

lation with internal waves and thermocline fine structure for

a 5.5 kHz source is presented in Sec. V to address the effects

of multipath interference from a dynamic ocean and moving

source. Data from a source tow is analyzed in Sec. VI. The

received signal phase measured in a beam is compared to

measurements of a pressure sensor on the source tow body.

The coherent gain obtained by integrating the signal in a

beam is shown for increasing DFT length. Conclusions are

provided in Sec. VII. Appendix A describes the traditional

definition of coherence time in terms of the mutual coher-

ence function and compares it to the phase rate coherence

time definition of Sec. III. Appendix B provides the neces-

sary information for the strength and diffraction parameter

calculations. Appendix C details the calculation of travel

time statistics used to compute the phase rate coherence

time in Sec. III. Appendix D describes the sound speed pro-

file simulation method used in Sec. V.

II. EXPERIMENT GEOMETRY

The experiment took place in deep water in the

Philippine Sea. A 64-element vertical line array (VLA) with

an element spacing of 1/8 m (k=2 at 6 kHz) measured the

acoustic field. The array was tethered to a buoy and drifted

at a depth of 143 m.

The transmission event analyzed here took place during

a 9 h source tow in which the source closed in on the drifting

array at a mean range-rate of 1 m/s, shown in Fig. 1. During

this 9 h period approximately 65 min (corresponding to a

4 km extent) were spent in the CZ, which is easily identified

by the increased signal level and characteristic arrival pat-

tern. The source is towed at a depth of approximately 150 m.

Due to drag on the tow body and cable, the source does not

hang directly beneath the ship. Rather it follows some

distance behind the ship and moves along the local catenary

of the tow cable in response to changes in ship speed and

heave. The angle of the tow cable at the source is estimated

to be inclined at 50� to 70� with respect to the horizontal in

Sec. VI. The water depth at the midpoint between source

and receiver was approximately 4700 m during the CZ

segment.

III. PHASE RATE COHERENCE TIME

The precise definition of coherence varies depending on

the context and the application under consideration (for a

historical evolution and consideration in the context of

acoustics, the reader is referred to Ref. 12) This section

defines a phase rate coherence time relevant for narrowband

filtering on a single ray arrival. A discussion of the relation-

ship between the traditional coherence time in terms of the

mutual coherence function and the phase rate coherence

time defined here is provided in Appendix A.

A. Evolving phase rate

This section defines a phase rate coherence time that

quantifies the narrowness of a filter that can be applied to a

sinusoidal transmission to obtain gain over noise. To be pre-

cise, we take the filter to be the output in a single bin of the

discrete Fourier transform (DFT) applied to T seconds of

data with a rectangular window. The passband for this filter,

defined as the bin width, is 1=T Hz.

The instantaneous received signal frequency frðtÞ (the

phase rate) from a stationary source with frequency f0 to a

stationary receiver along a ray path with an evolving travel

time sðtÞ is

frðtÞ ¼ f0 1� _sðtÞð Þ; (1)

where _sðtÞ is the travel time rate of change.

Assume that the travel time rate of change _sðtÞ is a zero

mean stationary Gaussian process whose autocorrelation

FIG. 1. (Color online) The full 9 h source tow track shown over bathymetry

collected by the multibeam system on the R/V Sally Ride during the experi-

ment. The start of paths is marked with a dot and the end of paths is marked

with a star. The approximately 65 min CZ portion is highlighted in blue.
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function depends on the ray path under consideration, the

buoyancy profile of the environment, and the Garrett-Munk

internal wave spectrum shape. Then the travel time rate of

change autocorrelation function R _sðt; t0Þ depends only on the

time separation T ¼ t� t0,

R _sðTÞ � h_sðtþ TÞ _sðtÞi; (2)

where h�i denotes expectation over internal wave realiza-

tions. Under this assumption, the difference in received fre-

quency from transmitted frequency

Df ðtÞ � f0 _sðtÞ (3)

is also a zero mean stationary Gaussian process with auto-

correlation function

RDf ðTÞ ¼ f 2
0 R_sðTÞ: (4)

Define the random variable D�ðt; tþ TÞ to be the

change in received frequency between two fixed times t
and tþ T,

D�ðt; tþ TÞ ¼ Df ðtþ TÞ � Df ðtÞ: (5)

Because Df is a zero mean random process, D� is zero mean

for any t and T. The variance of D� is

r2
D�ðt; tþ TÞ ¼ hDf 2ðtÞi þ hDf 2ðtþ TÞi

� 2hDf ðtÞDf ðtþ TÞi: (6)

Recognizing that hDf 2ðtÞi ¼ hDf 2ðtþ TÞi ¼ RDf ð0Þ;
hDf ðtÞDf ðtþ TÞi ¼ RDf ðTÞ, and using Eq. (4), the variance

of the change in received frequency D� can be written in

terms of the travel time rate of change autocorrelation func-

tion and the source frequency

r2
D�ðTÞ ¼ 2f 2

0 R_sð0Þ � R_sðTÞ½ � (7)

and depends only on the lag time T. Note that as T increases

from zero to a lag time for which R _sðTÞ ¼ 0; r2
D� increases

from zero to twice the variance of the difference in received

frequency from the transmitted frequency.

The phase rate coherence time is defined in this

work to be the lag time TNB such that rD� , the standard

deviation of the change in received frequency, is equal

to the bin width 1=T. It is given implicitly here as the

solution to

rD�ðTNBÞ ¼ f0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 R _sð0Þ � R _sðTNBÞ½ �

p
¼ 1=TNB: (8)

Under the assumptions of a Garrett-Munk internal wave

field and geometric acoustics, the travel time and its deriva-

tive will be a zero mean stationary Gaussian process. In

Sec. IV, WPRM theory is applied to CZ propagation in the

Philippine Sea to numerically compute R _sðTÞ and the phase

rate coherence time TNB defined by Eq. (8) over an ensemble

of internal wave realizations.

IV. BACKGROUND PROFILE FOR EXPERIMENT

This section analyzes CZ propagation for the experi-

ment with a smooth background profile. Ray trace results

provide a picture of the propagation paths involved in CZ

propagation. Formulas from WPRM with internal wave sta-

tistics are applied to the experiment profile to obtain the

strength and diffraction parameters as well as the phase rate

coherence time TNB for a Garrett-Munk internal wave field.

Salinity and temperature profiles from 18 CTD casts

made during the experiment are subsampled onto a depth

grid with 50 m spacing and averaged. Spline fits to the

coarse-grid averaged profiles provide smooth background

profiles of salinity and temperature suitable for ray tracing.

An additional point at 70 m depth is included in the coarse

depth grid to prevent the spline from overshooting at the

abrupt change in temperature slope at the onset of the ther-

mocline. The CTD casts show a consistent mixed layer

depth of 50 m throughout the experiment. The average salin-

ity and temperature profiles are used to compute the

“background” sound speed profile (SSP) c0ðzÞ, potential

density profile r0ðzÞ, and Brunt-V€aiss€al€a frequency profile

N0ðzÞ.13 These profiles are shown in Fig. 2. The background

sound speed potential gradient dcpot=dz is also computed

using these profiles.7

A. Background eigenrays and arrivals

The CZ predicted by the smooth background SSP from

a source at 150 m depth is shown in Fig. 3. It shows that the

start of the CZ occurs at 58 km range for a receiver at 150 m

depth. Two caustics form a boundary around the CZ in the

sense that a receiver will cross-these caustics as it transits

through the CZ at a given fixed depth or as it leaves the CZ

by moving to the surface. The first caustic is formed by rays

with a downward (toward the seafloor) launch angle. These

rays turn at great depth and turn around again at the caustic

near the surface. The second caustic is formed by rays with

an upward (toward the surface) launch angle. This caustic is

at a slightly greater range than the first caustic.

As a receiver moves out in range within the CZ, these

two caustics are associated with four possible eigenrays: a

ray on its way to either caustic that comes in from below,

and a ray coming down from either caustic above. The

receiver depth and range determines which of these four

possible eigenrays actually exist. Examining Fig. 3, a sam-

ple receiver at 160 m depth, between 57.5 and 58.5 km has

two eigenrays arriving from below on their way to the two

caustics. At 58.5 km, the arrival on its way to the first caustic

drops out, and two close arrivals come from both caustics

above. At 60 km, only a single arrival from the second caus-

tic arrives from above.

B. Strength and diffraction parameters U and K

Using the smoothed profiles from the experiment shown

in Fig. 2, the strength and diffraction parameters U and K
are computed for all (non-bottom-interacting) eigenrays

from a source at 150 m depth to a receiver at 150 m depth
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and within the CZ at ranges of 58, 59, and 60 km representa-

tive of the various possible CZ eigenray paths. Eigenrays

with their Fresnel zones for an example range of 59 km are

shown in Fig. 4. Appendix B contains the details of the cal-

culations. The standard deviation of sound speed perturba-

tions due to a Garrett-Munk internal wave field used in the

calculation of U and K is shown in Fig. 5 and demonstrates

high variability in the vicinity of ray turning points near the

source and receiver. The range of U and K values for this set

of eigenrays is shown in Table I. For nearly all eigenrays

and source-receiver ranges, K� 1; KU < 1; and KU2 > p;
placing the propagation in the “partially saturated”

regime.10,14 The exception is at 1.5 kHz at 58 km, where

KU2 	 p placing it on the border between the partially satu-

rated and unsaturated regimes. Partial saturation is an

important designation because the signal in this regime has

a smoothly evolving phase over the time scales of the CZ

source tow in this experiment.

C. Travel time statistics

In Sec. III, Eq. (8), the autocorrelation function of travel

time rate of change R _sðTÞ is used to implicitly define a

phase rate coherence time TNB. We calculate R _sðTÞ using

the methods in Ref. 15 applied to the smooth background

profile relevant for the experiment at sample points Ti

¼ i � ð180 s) for i ¼ 0; 1;…; 6 (the maximum lag time is

18 min, selected to safely exceed TNB). The details of the

calculation are presented in Appendix C. A linear interpola-

tion approximation to R_sðTÞ is used to solve Eq. (8) for TNB

over the range of source frequencies in the experiment.

Table I shows the range of values from these calcula-

tions for eigenrays at 58, 59, and 60 km receiver ranges and

with the source and receiver depths at 150 m. The predicted

phase rate coherence time TNB in the CZ for the experiment

is approximately 1000 s at 1.5 kHz and 500 s at 5.5 kHz.

V. FULL WAVE SIMULATION

Thus far, all calculations apply to a single propagation

path and a stationary source and receiver. In the experiment,

there is a moving source and multiple arrivals. This section

presents a single time-varying, range-dependent simulation

spanning 19 min with a 5.5 kHz source in order to assess, in

a simple and limited manner, the effect of multipath interfer-

ence caused both by the fluctuating ocean as well as hori-

zontal motion through the waveguide.

A. Sound speed perturbation simulation

An ad hoc hybrid approach for SSP simulation combin-

ing linear internal waves for dynamics and horizontal corre-

lations with synthetic fine structure in the thermocline

provides profiles for simulations consistent with the CTD

measurements from the experiment.

The approach simulates fine structure within 20 m

layers of water using the method of Pinkel11 in the water

column from 100 to 300 m depth. An example of synthetic

fine structure is compared to the CTDs of the experiment in

Fig. 6. The 20 m layers of water are then advected and

strained by a larger scale internal wave field using J¼ 20

modes and the Garrett-Munk spectrum with mode cutoff

parameter j
 ¼ 3 and energy parameter E0 ¼ 4 to produce a

time- and range-dependent SSP. The details are provided in

Appendix D.

FIG. 2. Background profiles obtained

by averaging CTDs from the experi-

ment. The profiles are smoothed by

sampling the mean CTD profile on a

coarse 50 m depth grid and using

spline interpolation. The smooth pro-

files are used for calculating eigenrays

and internal wave modes necessary to

compute the strength and diffraction

parameters and the coherence time TNB

defined in Eq. (8).

FIG. 3. Rays in the CZ for the smooth background sound speed profile with

source depth 150 m. Launch angle spacing is 0.25�. Two caustics bound the

CZ above and to either side. Eigenrays in the CZ either intersect the

receiver on their way to the caustic, after turning at the caustic above, or

along the caustic itself.

2412 J. Acoust. Soc. Am. 156 (4), October 2024 Akins et al.
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B. Simulation results

The simulation uses the background profiles from Fig. 2

and the method described in Appendix D to generate a time-

and range-dependent SSP driven by internal wave field evo-

lution and including fine structure such as that shown in

Fig. 6. The range-dependent profile is sampled each minute

for nineteen minutes (twenty samples). For each sample, the

split-step parabolic equation16 with a modal starter is used

to solve for the pressure field from a 150 m deep 5.5 kHz

source on a mesh with vertical spacing 0.0682 m and hori-

zontal spacing 1.36 m.

The field intensity from the first time sample of the sim-

ulation output is shown in Fig. 7 with the four locations

selected for analysis superimposed. Though the fine struc-

ture and internal wave effects in the SSP used for simulation

complicate propagation compared to ray predictions using

the smooth background profile from Sec. IV, the main CZ

features are visible in the field. In particular, the simulation

intensity field shows the caustics formed by rays with posi-

tive and negative launch angles at the source. The down-

going rays at the source associated with the CZ caustic

closest to the source are generally unaffected by the fine

structure. The upward-going rays at the source have a turn-

ing point in the fine structure near the source and therefore

are perturbed off the smooth background paths. These rays

form the more diffuse caustic located around 140 m depth

and 59 km range.

The complex time series for the four labeled points are

shown in Fig. 8 along with the received frequency minus the

source frequency. It is seen that the phase evolves smoothly

over the full nineteen-minute segment. Figure 8 also shows

the phase in the beam of maximum amplitude using an 8 m

aperture VLA centered on each selected point and indicates

that the phase in a beam evolves similarly to its evolution at

a single point in the CZ. This is interesting because the sin-

gle point measurement contains contributions from multiple

arrivals.

The phase rate _/ðtÞ, estimated with a finite difference

approximation, gives the received instantaneous frequency

Df ðtÞ ¼ _/ðtÞ=2p for each of the four points, as well as for

the beam of maximum amplitude using an 8 m VLA. The

time T required for the received frequency to change from

its value at the start of the simulation by the bin width 1=T
is between 500 and 600 s for all four points for the 5.5 kHz

source. The frequency starts to change more rapidly around

400 s into the simulation after which the time T for the

FIG. 4. (Color online) Rays and Fresnel zones at 5.5 kHz for CZ eigenrays at 59 km range. (a) Full eigenray paths from source to receiver both at 150 m

depth. The eigenrays are purely refracted. (b) Eigenray paths within 3 km of the source. All eigenrays have at least one turning point in the thermocline (the

downward launching ray here has a turning point near the receiver).

FIG. 5. The standard deviation of Garrett-Munk internal wave induced

sound speed perturbations to the smooth background profile as a function of

depth. There is high variability in the vicinity of the source and receiver

depths and at the eigenray turning points for CZ propagation.

TABLE I. The range (minimum and maximum values) of strength and

diffraction parameters as well as the range of phase rate coherence time TNB

defined in Eq. (8) for 1.5 and 5.5 kHz for all (non-bottom interacting) eigen-

rays at ranges of 58, 59, and 60 km using the background profile in Fig. 2.

The parameter values place propagation in the partially saturated regime.

f (Hz) U K KU KU2 TNBðsÞ

1500 [37, 55] [8, 52] �10�4 [3, 29]�10�2 [3, 16] [922, 1300]

5500 [134, 201] [3, 22] �10�4 [6, 43] �10�2 [9, 83] [452, 603]
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frequency to change by 1=T is between 300 and 400 s. This

time is approximately the same for the frequency change in

a beam. Although a single realization cannot validate the

statistical definition of phase rate coherence time TNB in Eq.

(8), the values from the simulation are on the order of

TNB 	 500 s from WPRM theory shown in Table I.

The modeled pressure field in the range-dependent SSP

from the first simulation time sample is used to gain a sense

of the scale of multipath interference effects due to constant

range-rate motion through the CZ (the data contains trans-

missions from a moving source). Figure 9 shows the ampli-

tude and phase in the broadside beam of an 8 m VLA

centered at 150 m depth at evenly spaced ranges throughout

the CZ, simulating data from a constant range-rate source

through a “frozen ocean.” The phase is broken into 300 m

segments, corresponding to the approximate range traversed

by the source in the experiment during 5 min narrowband

transmissions, and the linear portion of phase over these seg-

ments is removed. Figure 9 shows that the non-linear portion

of the phase in the beam is less than 1/3 radian over 300 m

segments within the high amplitude parts of the CZ. The

phase of a single receiver at 150 m depth, also shown in Fig.

9, demonstrates larger non-linear phase excursions (up to 1

radian) compared to phase in the horizontal beam.

In summary, the simulation uses a 5.5 kHz source at

150 m depth and includes fine structure, internal wave

driven ocean variability, and multipath interference due to

changing source-receiver range. Single receiver measure-

ments were compared to beamformer outputs from an 8 m

VLA. For a stationary source and receiver in the presence of

internal wave driven ocean changes, the phase in a beam

closely resembles the phase at a single point. The simulation

phase rate coherence time between 300 and 600 s at 5.5 kHz

for a stationary source-receiver configuration is on the order

of TNB 	 500 s predicted by WPRM theory and shown in

Table I. For a source moving at constant range-rate, phase in

a beam varies from a linear evolution by less than 1/3 radian

over segments of 300 m within the high amplitude portion

of the CZ.

VI. DATA ANALYSIS

This section presents analysis of the 5.5 kHz signal

measured during a source tow in a CZ. Non-uniform

FIG. 7. (Color online) Intensity field of PE simulation in dB at 5.5 kHz at

t¼ 0. The CZ stands out as a region of high intensity. Four points selected

for time series analysis are shown as labeled stars.

FIG. 8. (Color online) (Top) Amplitude of the simulated field from a

5.5 kHz stationary source at four selected CZ points shown in Fig. 7.

(Middle) Phase of the simulated field at the four points (solid line) as well

as in a beam (dashed line) from an 8-m VLA centered on each of the four

points. (Bottom) The received frequency minus the source frequency at the

point locations (solid lines) as well as in a beam (dashed line). The lag time

T required for the received frequency to change by the bin width 1=T
depends on the initial time and is between 300 and 600 s for the nineteen

simulated minutes shown here.

FIG. 6. (Color online) Comparison of an example Poisson generated sound

speed profile (blue dashed) to CTD casts (color) from the experiment. A

Poisson perturbation, generated with the method of Ref. 11 for depths

between 100 m and 300 m, is advected by a range- and time-dependent

internal wave field to perform an acoustic simulation in Sec. V.

2414 J. Acoust. Soc. Am. 156 (4), October 2024 Akins et al.

https://doi.org/10.1121/10.0032359

 14 O
ctober 2024 20:32:32

https://doi.org/10.1121/10.0032359


horizontal source motion is the dominant feature of the

received signal phase. Measurements of source depth by a

pressure sensor mounted on the source tow body can be

related to the source tow excursions from its mean linear

range evolution. For all CZ segments of data of length 120 s,

these pressure sensor measurements are highly correlated

with the nonlinear component of phase measured in a broad

horizontal beam. For certain segments, the match continues

up to 210 s. This relationship can be used to accurately cor-

rect for non-uniform motion effects on segments up to 210 s.

The DFT is applied to data segments of increasing length

and increasing SNR is observed for segments up to 128 s.

A. Transmission overview

During the source tow, an ITC-1007 source transmitted

a repeating 300 s comb of sinusoidal signals followed by

300 s of broadband transmissions. The intensity and arrival

pattern for the CZ at 5.5 kHz are shown in Fig. 10, which

demonstrates seven 300 s segments of received signal num-

bered 1 through 7. Of these segments, Segments 3 through 7

were used for analysis due to their good signal-to-noise ratio

(SNR). All data timestamps are shown in seconds since

JD117 2019 01:53:20 UTC.

B. Signal processing

For the band of interest, the measured pressure field is

band-shifted by the nominal Doppler shifted frequency fr for

a 1 m/s closing source. The band-shifted data is low-pass fil-

tered and decimated in stages: three stages of decimation by

a factor of 8 and 1 stage of decimation by a factor of 4 to

arrive at a final sampling rate of 25 000=2048 	 12:2 Hz.

Each stage applies an anti-aliasing Chebyshev infinite

impulse response (IIR) low pass filter before decimating.

The IIR filter, though generally not linear phase, has nearly

linear phase over the band of interest. The final passband is

around 10 Hz, or 65 Hz, centered at the nominal Doppler

shifted frequency for a 1 m/s range-rate.

The simulation indicates that beamforming has a lim-

ited effect on phase rate coherence time. Nonetheless, the

signal-to-noise ratio improvement obtained by beamforming

is necessary for the phase analysis presented here. This anal-

ysis uses conventional beamforming. Phase is measured in a

broad horizontal beam, as the goal is simply surface noise

rejection as opposed to isolation of a single propagation

path.

C. Comparison of phase and pressure sensor
measurement

The simulation indicates a nearly linear phase response

(with small <1=3 radian deviations) to horizontal movement

within the CZ. Under this assumption, there exists a hori-

zontal wavenumber k such that the signal phase / nearly

evolves according to

/ðtÞ ¼ /0 þ x0t� krðtÞ; (9)

where x0 is the source frequency in rad/s and r(t) is the

source to receiver range. Decompose the source-receiver

range r(t) into a uniform component related to the mean

range-rate v and a residual component drðtÞ so that

rðtÞ ¼ vtþ drðtÞ (10)

and

/ðtÞ ¼ /0 þ ðx0 � kvÞt� kdrðtÞ: (11)

The residual component of motion drðtÞ consists of both

short time scale excursions that are related to the ship

heave in response to swell as well as longer time scale

excursions related to departures of the ship speed from its

mean speed v.

Measurements of source depth from a pressure sensor

on the source tow body can be used to estimate drðtÞ
because the source tow body is connected to the ship by a

cable under tension. The array motion contribution to drðtÞ
is assumed to be negligible, as GPS measurements of the

buoy position indicate small, nearly linear movement during

the 300 s source transmission segments. For short time scale

excursions, the source is constrained to move along the cate-

nary of the tow cable approximated by the tangent line at

the tow body, providing a linear relationship between short

time scale change in the demeaned pressure dzðtÞ and short

time scale excursions in the residual range drðtÞ,

drshortðtÞ ¼
1

tan h
dzðtÞ; (12)

where h is the tangent line inclination with respect to the

horizontal. Over longer time scales, the source tow body

responds to a change in the ship speed by equilibrating to a

FIG. 9. (Top) Simulated amplitude in the horizontal beam of an 8 m VLA

centered at 150 m depth with a static range-dependent SSP and 150 m depth

source. (Bottom) Simulated phase in the horizontal beam of subsequent

300 m segments with the linear trend of that segment removed (solid black).

The phase of the single receiver at the center of the VLA is also shown

(dashed gray). Four high amplitude 300 m segments in the CZ demonstrate

phase excursions of less than 1/3 radian (20 degrees) for the beamformed

output and less than around 1 radian for a single receiver.
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different depth. Therefore, the slowly varying component of

dz provides a measurement of the relative ship speed (the

mean displacement dz ¼ 0 being associated with the mean

speed v). Assuming a linear relationship between the

demeaned source depth dz and the ship speed deviation

from its mean value, the longer time scale excursions of dr
from its mean track vt due to changes in ship speed will be

proportional to the integral of dz,

drlongðtÞ ¼ D

ð
dzðtÞdt; (13)

where D is the source depth response to a change in speed.

Taking these two observations together quantifies the rela-

tionship between dr and dz,

drðtÞ ¼ 1

tan h
dzðtÞ þ D

ð
dzðtÞdt: (14)

The accuracy of Eq. (14) will degrade if the catenary angle

h is time varying, when the tow cable length is manually

adjusted to maintain a nominal depth of 150 m, or due to

nonlinearity in the equilibrium source depth response to ship

speed.

Equipped with the relationship between the demeaned

pressure sensor measurements of source depth dz and the

residual component of source range dr, we perform a least

squares fit of the samples of unwrapped phase /ðtiÞ at the

sampling rate after decimation in a broad horizontal beam in

order to estimate the values a, b, c, and d in the discretized

model

/ðtiÞ ¼ aþ bti þ cdzðti � ŝÞ þ dDt
Xi

k¼0

dzðtk � ŝÞ (15)

for various segment lengths of data [we have approximated the

integral in Eq. (14) with a simple Riemann sum]. Here, ŝ is an

estimate of the acoustic travel time necessary to obtain the

pressure measurement at the time of transmission. It was man-

ually tuned, and the least squares fit was seen to be insensitive

to the exact value used within 1 s precision. The estimated

parameters physically represent a ¼ /0; b ¼ x0 � kv;
c ¼ �k= tan h, and d ¼ �kD. By using an approximate hori-

zontal wavenumber of k ¼ x0=c0 for source frequency x0

rad s–1 and c0 ¼ 1500 m/s, the mean range-rate is obtained

from b as v ¼ k�1ðx0 � bÞ and the catenary angle is obtained

from c as h ¼ arctanð�k=cÞ. For simplicity, the noise on each

measurement is assumed to be independent and of equal

variance.

The results of least squares fitting is shown in Fig. 11

for segments 5 and 7 (refer to Fig. 10 for segment labels).

For these two segments, the first 210 s of data are used to fit

the pressure sensor model in Eq. (15) and to obtain estimates

of a,b, c, and d. The fit degrades substantially for longer seg-

ments of data.

The residuals of the two fits shown in Fig. 11 display

the component of the phase that cannot be fit by the model

in Eq. (15). It demonstrates a periodic component with a

period of approximately 7 s and an amplitude of around 2

radians. This periodic component, isolated with a high pass

filter, is highly correlated with the high pass filtered pressure

sensor measurement, indicating that it is related to the ship

heave. The remaining, slower varying residual phase has an

amplitude around 2 radians, which is larger than the non-

linear phase variations seen in the simulation due to multi-

path interference with range (estimated to be less than 1/3

radian) and a time-varying medium.

Model fits to shorter segments of 60 s provide a series of

parameter estimates and allow for an examination of their var-

iability with time. Parameter estimates from these shorter seg-

ment fits estimate a mean range-rate v ¼ �1:04 6 0:04 m/s.

The estimated catenary angle h varies between 54� and 70�

with respect to the horizontal and changes by less than 5�

from one minute to the next. The model assumes a constant

catenary angle for any given data segment, which is one

potential source of model mismatch.

FIG. 10. (Color online) (a) Intensity in a broad horizontal beam at 5.5 kHz in a CZ with seven labeled segments of sinusoidal transmissions. Segments 3 to 7

have sufficient SNR for a careful analysis of phase. (b) Beamformer output (magnitude squared) at 5.5 kHz in a CZ. Positive angle corresponds to an arrival

coming in from above the array. The arrival pattern is similar to the predicted pattern for a receiver moving right (back end of CZ) to left (front of CZ)

through the rays in Fig. 3 from around 61 to 58 km at a depth of around 150 m.
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D. Gain from coherent integration

This section examines the limits of coherent integration

of the signal with a DFT from the source tow transmissions

measured in a broad horizontal beam in the CZ.

The complex basebanded data consist of a signal com-

ponent s½i� plus a noise component w½i�,

x i½ � ¼ s i½ � þ w i½ �: (16)

Section III considers a sinusoidal signal with a random fre-

quency modulation. To maintain simplicity of presentation

and solidify the basic concepts, we assume here that the sig-

nal component consists of a deterministic complex base-

banded sinusoidal signal whose frequency is at the center of

a DFT bin and that the noise component is assumed to be a

realization of a zero-mean complex white Gaussian noise

process with variance r2
w. The length N DFT of the data is

defined as

XN k½ � ¼
XN�1

i¼0

x i½ �e�j 2pk=Nð Þi (17)

and is the sum of the DFT of the signal component SN½k�
and the DFT of the noise component WN ½k�,

XN k½ � ¼ SN k½ � þWN k½ �: (18)

Note that from our assumption that the signal is a complex

sinusoid at a DFT bin center, the input signal power Ps ¼ A2

where A is the signal amplitude and the signal power in a DFT

bin, jSNðkÞj2 is N2A2 ¼ N2Ps. From our assumptions on the

noise process, the expected value of input noise power Pn is

equal to the noise variance r2
w and the expected value of

noise power in a DFT bin, hjWN½k�j2i; is Nr2
w ¼ NPn.

The signal-to-noise ratio (SNR) is defined as the ratio

of signal power to noise power. Thus, at the input

SNRin ¼ Ps=Pn. In a length N DFT bin, the output SNR is

SNRoutðNÞ ¼
��SN k½ �

��2
NPn

: (19)

Given our assumptions on the signal, SNRoutðNÞ
¼ N2Ps=NPn ¼ NPs=Pn ¼ NSNRin. Thus, for a perfectly

coherent complex sinusoid with frequency corresponding to

a length N DFT bin center, SNRout increases linearly with

respect to N.

It is useful to focus on the normalized signal DFT

power. Define the quantity R(N) to be the ratio of the signal

DFT power divided by DFT length squared, jSN½k�j2=N2, to

the input signal power Ps,

FIG. 11. (Color online) Top: Phase measured in a broad horizontal beam at 5.5 kHz with its linear trend removed (red) compared to the least squares fit from

the pressure sensor measurements of source depth variation (blue dashed) for 210 s sub-segments of data for segment 5 (left) and segment 7 (right) of the

CZ. The phase evolution is highly correlated with the pressure sensor measurements of source depth. Bottom: The residuals from the least squares fit for the

panels directly above (black) as well as the residuals shown after a low pass filter removes the 7 s period signal (blue). The 7 s component in the residual was

seen to be highly correlated with the high-pass filtered pressure sensor measurement of source depth variation.
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RðNÞ ¼ jSN k½ �j2=N2

Ps
: (20)

The increase in SNR, SNRinc, expressed as the ratio of

SNRout in a DFT bin to the input SNRin ¼ Ps=Pn in decibels,

can be written in terms of R(N) as

10 log10SNRincðNÞ ¼ 10 log10RðNÞ þ 10 log10N: (21)

For the complex basebanded tonal signal with a frequency

matched to the DFT bin center considered here, RðNÞ ¼ 1

and SNRincðNÞ ¼ N. For an input sinusoidal signal whose

frequency does not coincide with a DFT bin center, scallop-

ing loss will cause a decrease in up to a few dB in the value

of R(N)17 and, accordingly, SNRincðNÞ. Due to its finite

bandwidth, the sinusoidal signal with random frequency

modulation considered in Sec. III can be over-resolved by

the DFT (i.e., the DFT bin does not capture a majority of the

input signal power), resulting in a value of R(N)< 1.

Data is divided into sub-segments of length T¼ 1 s

(N¼ 12) to T¼ 256 s (N¼ 3125), and Eq. (21) is averaged

over sub-segments. As described in Sec. VI, the pressure

sensor fit to phase for each sub-segment provides an esti-

mate of the non-uniform source motion effect on phase. The

data can be corrected for non-uniform source motion by

removing the predicted phase /̂ from the pressure sensor

measurement of source depth variation [Eq. (15)]. This is

accomplished by multiplying the input time series by e�i/̂ðtÞ

before applying the DFT. The results are shown in Fig. 12

for both corrected and uncorrected data at 5.5 kHz. SNRinc is

seen to plateau at a segment length of 128 s. SNRinc in the

uncorrected data increases by around 8 dB for a DFT inte-

gration time increase from 1 s to 128 s, while SNRinc for the

corrected data increases by around 13 dB.

VII. CONCLUSION

The phase rate coherence time is defined as the time

TNB over which the standard deviation of the change in a

randomly evolving received frequency equals the DFT bin

width 1=TNB. Results from WPRM theory are used to com-

pute the phase rate coherence time TNB for CZ propagation

when the changing received frequency is driven by sound

speed perturbations along the ray paths from a Garrett-

Munk internal wave field. For the deep water Philippine Sea

experiment described here, the expected narrowband phase

rate coherence time in the CZ, predicted by WPRM theory,

is �500 s at 5.5 kHz (in the absence of source motion).

A single simulation of CZ propagation at 5.5 kHz in a time-

and range-dependent SSP over nineteen minutes indicates

smoothly varying phase and a narrowband phase rate

coherence time consistent with WPRM predictions. Mid-

frequency (5.5 kHz) data from a CZ source tow demon-

strates that the non-linear component of the phase evolution

in a beam is highly correlated with pressure sensor measure-

ments of source depth variation for segments of data up to

210 s. The received signal at 5.5 kHz in a CZ could be

coherently integrated for up to 128 s after correcting for

source motion.
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APPENDIX A

The WPRM literature traditionally defines coherence in

terms of the mutual coherence function15,18

Cðx1; x2; TÞ ¼ hp
ðx1; tþ TÞpðx2; tÞi; (A1)

where p(x, t) is the complex pressure field at a point x and

time t with any time dependent source phase removed, ð�Þ

denotes complex conjugation, and h�i denotes expectation

over ensembles of medium realizations (e.g., internal wave

induced sound speed perturbations). In Eq. (A1), the field is

assumed to be stationary. The coherence time at a given

point x is then defined in terms of the MCF as the

“characteristic length” of the complex degree of temporal

coherence c,12

FIG. 12. (Color online) SNRinc in DFT bin of maximum magnitude for

varying DFT length for uncorrected data (dashed line) and data corrected

for source motion (solid line) at 5.5 kHz. Corrected data uses the predicted

phase from source depth measurements and least squares coefficient esti-

mates in Eq. (15) to simulate what one may expect to measure from a mov-

ing source at constant range-rate. The model degradation that occurs around

128 s creates the precipitous drop in SNRinc for the corrected data. The black

dashed line indicates theoretical gain for a sinusoidal signal whose fre-

quency is at a DFT bin center.

2418 J. Acoust. Soc. Am. 156 (4), October 2024 Akins et al.

https://doi.org/10.1121/10.0032359

 14 O
ctober 2024 20:32:32

https://doi.org/10.1121/10.0032359


cðx; x; TÞ ¼ Cðx; x; TÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cðx; x; 0Þ2

q ; (A2)

which has a modulus between 0 and 1.

The MCF can be written in terms of the phase structure

function18,19

DðTÞ � h /ðtþ TÞ � /ðtÞ½ �2i (A3)

as

CðTÞ ¼ exp � 1

2
DðTÞ

� �
; (A4)

where / is the phase of the acoustic field and the pressure

field has been normalized to unity in the absence of any per-

turbations. The coherence time is therefore seen to be

related to the growth of the phase structure function with

increasing lag time T.

For the purposes of coherently summing broadband

transmissions sent at separate times this is a natural defini-

tion. For small values of D(T), the phase is expected to

remain approximately constant and coherent summation is

possible. As D(T) increases with T to a value of p2, it

becomes increasingly unlikely that the transmissions will

remain in phase with one another and coherent summation

will fail to provide gain. However, from the perspective of

narrowband integration with a DFT, a change in the absolute

phase presents no issue as long as it occurs linearly (i.e., as

long as the phase rate is constant). A linear change in phase

with time simply corresponds to a constant shift in received

frequency. Therefore, the phase rate coherence time defined

in Eq. (8) is better suited to quantify the integration time of

a narrowband signal with a DFT than the coherence time

from the MCF.

APPENDIX B

The formulas from Colosi14 used to compute the

strength and diffraction parameters are reproduced here,

U2 ¼ q2
0

ð
C

dshl2ðzÞiLpðh; zÞ; (B1)

K ¼ q2
0

U2

ð
C

dshl2ðzÞiLpðh; zÞ
fm2gR2

f ðsÞ
2p

(B2)

with the following notation:

(1) c0 ¼ 1500 m/s is a reference sound speed.

(2) x0 is the source angular frequency.

(3) q2
0 ¼ x2=c2

0 is a reference horizontal wavenumber.

(4) C denotes the path of the ray under consideration.

(5) s is the ray coordinate ds=dr ¼ ðtan hÞ�1
with h the

local grazing angle and r range.

(6) hl2ðzÞi ¼ hDcðzÞ2i=c2
0 is the expected relative sound

speed perturbation, with expectation taken over all

internal wave realizations consistent with the Garrett-

Munk spectrum. See the following paragraph for the

description of the relationship between sound speed

perturbations and internal wave displacement.

(7) Lpðh; zÞ is the correlation length (units of distance) of the

sound speed perturbations at depth z along a tangent line

with angle h and is given as Eq. (3) in Ref. 14.

(8) Rf ðsÞ is the vertical Fresnel zone about the ray at point

s. It is defined as follows. Choose a point S with coor-

dinates zðsÞ; rðsÞ along the eigenray under consider-

ation. The eigenray has travel time T. Fix a point P
vertically displaced by a distance Dz > 0 from S.

Compute two new eigenrays. The first connects the

source to P and the second connects P to the receiver.

Now compute the sum of the two eigenrays’ travel

times and call it T(P). The Fresnel zone Rf ðsÞ is the dis-

placement distance D ¼ jS� Pj such that the travel time

difference TðPÞ � T0 corresponds to a phase shift of p
from the unperturbed ray. Since Dz may differ for dis-

placements above and below the ray, a more precise defi-

nition is Rf ðsÞ ¼ Dzþ þ Dz�, where the superscripts

indicate the orientation of vertical displacement from the

ray. The difference in Dzþ and Dz� is evident in Fig. 4.

(9) fm2g is the average vertical wavenumber squared. The

WKB approximation directly relates the local buoy-

ancy profile N(z) to vertical wavenumber. The Garrett-

Munk spectrum controls the distribution between

modes. An approximate value suitable for our applica-

tion is accordingly14

m2f g ¼ pNðzÞ
N0B

� �2 hji
hj�1i ; (B3)

where hji ¼ RHðjÞj and hj�1i ¼ RHðjÞj�1 gives the

mode weighting prescribed by the Garrett-Munk spec-

trum. N0B ¼
ÐD

0
NðzÞdz with D equal to water column

depth [this notation is a holdover from the exponential

stratification model considered by Garrett and Munk

where NðzÞ ¼ N0e�z=B].

(10) p is the ratio of the circumference of a circle to its

diameter.

Following Ref. 7, sound speed perturbations are related to

an internal wave displacement field fð~x; tÞ by advecting the

sound speed potential gradient dcpot=dz estimated from the

background profile

Dcð~x; tÞ ¼ dcpot

dz
fð~x; tÞ: (B4)

With this assumption,

hl2ðzÞi ¼ 1

c2
0

dcpot

dz
ðzÞ

� �2

hf2ðzÞi: (B5)

For the calculation of U2 and K, hfðzÞ2i is computed using

the Garrett-Munk spectrum energy density E0 ¼ 4000 J m–2

and characteristic mode number j
 ¼ 3. A formula for the

maximum mode number corresponding to an internal wave
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field with unlikely shear instability is given in Eq. (18) of

Ref. 14 in terms of the buoyancy profile. For the buoyancy

profile relevant to our experiment, the value of J is approxi-

mately 600. The expected displacement variance depends

only on depth due to the assumptions of horizontal isotropy

and stationarity of the internal wave field.

Note that in order to complete the calculation of K and

U, one only needs the smooth background salinity and tem-

perature profiles, as well as the longitude and latitude of the

experiment. Given these quantities, one can then compute:

(1) the potential density r0ðzÞ, (2) the sound speed c0ðzÞ, (3)

the adiabatic temperature gradient dcðpotÞ=dz; (4) buoyancy

profile N(z), (5) the internal wave modes fjjðzÞ and frequen-

cies xjj, (6) the displacement correlation function

hfðzÞfðz0Þi, (7) correlation length Lpðh; zÞ, (8) the back-

ground eigenrays and Fresnel zones, and finally (9) the inte-

gral expressions (B1) and (B2).

APPENDIX C

In geometric acoustics the travel time for sound along a

ray path C through the dynamic sound speed profile

cðx; z; tÞ ¼ c0ðzÞ þ Dcðx; z; tÞ is

sðtÞ ¼
ð

C
ðc0ðzÞ þ Dcðx; z; tÞ Þ�1

ds: (C1)

For Dc� c, this is approximately equal to

sðtÞ ¼ s0 �
ð

C

Dcðx; z; tÞ
c0ðzÞ2

ds; (C2)

where s0 is the travel time for the ray through the smooth

background profile c0ðzÞ.
The first time derivative of s is given by

_sðtÞ ¼ �
ð

C

dDcðx; z; tÞ
dt

c�2
0 ðzÞds: (C3)

By assuming a linear relationship between the sound speed

perturbation Dc and internal wave displacement as in Eq.

(B4), the time dependence of the sound speed perturbation

is given by

dcð~x; tÞ
dt

¼ dcpot

dz
_fð~x; tÞ; (C4)

where _f is the vertical velocity of the internal wave field.

Because the amplitudes of the internal waves in the

Garrett-Munk field are assumed to be zero-mean Gaussian

random variables, _sðtÞ is a zero-mean stationary Gaussian

process and is completely described by the autocorrelation

function R _sðTÞ ¼ h _sðtþ TÞ_sðtÞi. Applying Eqs. (C3) and

(C4), we obtain R _sðTÞ,

R _sðTÞ ¼
ð

C

ð
C

dcpot

dz
ðzÞdcpot

dz
ðz0Þh _fð~x; tÞ _fð~x0; tþ TÞi

c2
0ðzÞc2

0ðz0Þ
dsds0:

(C5)

The above equation can be used to compute the

expected phase rate coherence time in Eq. (8) for a given

source frequency, ray path, and background profile.

The correlation function h _fð~x; tÞ _fð~x0; tþ TÞi was com-

puted Garrett-Munk spectrum parameters energy density

E0 ¼ 4000 J m–2 and mode number roll-off j
 ¼ 3, and a

horizontal wavenumber mesh from 0.0035 to 0.5 cpkm.20

The correlation function is saved on a grid with a 1 km

spacing in the separation range and 10 m spacing in depth

and approximated by linear interpolation to evaluate the

integral in Eq. (C5) for lag times T¼ 0 to T¼ 18 min. The

maximum mode number J was varied between 20 and 600

and seen to have an insignificant effect on the value of

R _sðTÞ. This makes sense considering that from the internal

wave dispersion relation, high order modes have a smaller

frequency and vertical velocity than the low order modes;

they also have a smaller weight in the Garrett-Munk spec-

trum compared to the low order modes.

APPENDIX D

This appendix describes the steps used to generate syn-

thetic sound speed profiles with range-dependence, dynam-

ics, and the step-like fine structure seen in CTD casts. The

approach perturbs a coarse grid of isopycnals with mean

depth f �Zig and mean separation f �Ziþ1 � �Zig ¼ 20 m with a

Garrett-Munk internal wave field. It also perturbs a fine grid

of isopycnals in the thermocline from 100 to 300 m with

mean separation of 2 m and mean depth �zi;j given relative to

the coarse isopycnal depth �Zi directly above using the

Poisson method of Pinkel.11 With this notation, the isopyc-

nal associated with the fine grid mean depth �zi;j has a mean

depth �Zi þ �zi;j. The isopycnals at their mean depths have a

temperature Tð �Zi þ �zi;jÞ and practical salinity Sð �Zi þ �zi;jÞ.
The ocean state is characterized by the instantaneous

isopycnal depths �i;jðx; tÞ ¼ Ziðx; tÞ þ zi;jðx; tÞ, where Zi is

the instantaneous depth of the ith coarse isopycnal deter-

mined solely by the internal wave field and zi;j is the depth

referenced to Zi of the jth fine isopycnal in the ith coarse

layer (see Fig. 13 for a schematic).

The internal wave modal equation using N(z) for the

experiment is solved on a grid of horizontal wavenumber j
between 0.001 and 0.5 cpkm for modes J ¼ 1;…; 20. The

numerical approach is detailed in Richard Evans’ memoran-

dum.21 This produces the vertical modes fjðz; jÞ and their

frequencies. The modes are randomly excited using the

Garrett-Munk spectrum to produce a displacement field in

the plane between source and receiver fðx; z; tÞ using the

Cartesian approach as in Ref. 20. The internal wave field

displaces the coarse grid of isoypycnals with mean depths �Zi

to perturbed depths Ziðx; tÞ ¼ �Zi þ fðx; �Zi; tÞ.
Each 20 m layer between two isopycnals on the coarse

grid is divided into finer layers with a mean thickness of

D�z ¼ 2 m. The 2 m layer of water separating each pair of

adjacent isopycnals is a “Poisson element.” A random fine

structure realization for a single 20 m layer is obtained by

independently drawing a strain for each Poisson element
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Dzi=D�z � Gaðj0; 1=j0Þ from a Gamma distribution with

parameter j0. The strain of the last Poisson element is

selected so that the mean strain within the layer is 1. In the

event that the last element does not fit within the 20 m layer,

then the strains are redrawn. In this work we use j0 ¼ 0:8
(determined by fit to the CTD data). The result is a collec-

tion of fine structure isopycnal depths fzijg, where i indexes

the coarse 20 m thick layer and j indexes the fine Poisson

element interfaces.

To combine the two, the isopycnal depths, relative to the
bounding coarse isopycnal Zi are given from the strains by a

cumulative sum, defined recursively as z1 ¼ Dz1; zj ¼ Dzj

þ zj�1. By referencing the fine isopycnal grid to the coarse

grid, the thermocline fine structure is advected by the internal

waves (which act on the coarse grid).

To summarize, a set of fine structure strains is generated

for each layer in a set of 20 m thick layers of water between

100 and 300 m depth. A coarse grid of 20 m separated iso-

pycnals is displaced by the internal wave field. The result is

a distortion of the original 2-m spacing isopycnal grid. A

schematic is shown in Fig. 13.

The perturbed sound speed profile is obtained by calcu-

lating the sound speed at each depth Zi þ zij using the salin-

ity Sð �Zi þ �zijÞ and in situ temperature Tð �Zi þ �zijÞ associated

with that isopycnal. The in situ temperature change due to

adiabatic expansion with changing pressure is computing

using DT ¼ ðdT=dzÞð �Zi þ �zijÞð �Zi þ �zij � Zi � zijÞ. The

sound speed profile at these perturbed depths is then linearly

interpolated back onto a uniform grid with spacing

D�z ¼ 2 m.
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FIG. 13. (Color online) Schematic of isopycnal perturbation. Mean iso-

pycnal depths are on the left in black. Perturbed depths are shown on the

right in blue. The thick blue lines are displaced by the internal wave field

from �Zi to Z0i ¼ �Zi þ fð �Zi; x; tÞ. The fine isopycnals within the segment

have a Gamma distributed separation Dz0i and are referenced to the upper

isopycnal Z0i .
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