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Abstract—The ocean is a geometrically dispersive medium for
acoustic waves due to the depth dependence of the index of
refraction. For broadband signals, dispersion results in signal
distortion that increases with the distance from the transmitter.
This paper considers the estimation of modal group delay from
broadband tomographic transmissions in the presence of distor-
tion caused by dispersion. The received signal is characterized by
delay and dispersiveness parameters which are both considered
to be unknown. The modal group delay can be then estimated
in a straightforward manner by maximizing the output of a
matched filter over a set of replica wave forms. This is directly
analogous to the common signal processing problem of joint delay
and Doppler estimation. The replica energy is independent of
the dispersiveness parameter, so for an additive white Gaussian
noise model the maximum of the matched filter output is the
maximum likelihood estimator of delay (and dispersiveness).
An improved signal-to-noise ratio of approximately 6 dB at
the receiver and unbiased modal group delay estimation is
demonstrated on a 35 Hz broadband source in simulations and
on data from the Coordinated Arctic Acoustic Thermometry
Experiment (CAATEX).

Index Terms—Acoustical oceanography, ocean remote sensing,
sound propagation and scattering

I. INTRODUCTION

CEAN acoustic tomography measures the acoustic field

from controlled signal transmissions to invert for the
properties of the ocean along the transmission path. In most
tomography experiments, time delay estimates corresponding
to distinct arrivals are extracted from the signal and used
in the inversion. Depending on the specific conditions of an
experiment, these arrivals may be ray-like, in which case the
arrivals correspond to distinct eigenrays, or modal, where the
arrivals are associated with normal modes of the waveguide.
For a broadband source, the delay may vary substantially over
the source bandwidth due to waveguide dispersion. As a result,
there is no longer a single group delay that applies to the
transmitted wave form, and estimation of a single delay via
peak picking or matched filtering is no longer justified. In
order to resolve this ambiguity, this work presents a modal
group delay estimation method relevant for ocean acoustic
tomography in the Arctic Ocean in which the dispersion is
characterized by a single unknown parameter. The unknown
parameter is jointly estimated along with the modal group
delay at a specified frequency.
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The normal mode representation of the acoustic field has
been used extensively for geophysical inversion in underwater
acoustics. The use of a derived normal mode property for
inversion is in contrast with full-wave inversion [1], [2],
which uses all possible information about the channel in
the inversion. The latter approach comes at significant com-
putational cost, the requirement of more sophisticated opti-
mization methods, and precise knowledge of the transmitted
wave form. In many cases, it is therefore expedient to first
estimate a property of the normal mode field from the data
and subsequently use this property in a simpler inversion.
Depending on the experiment, this property may be the modal
wave number for a single frequency, the modal group delay,
the normal mode vertical shape, or the broadband modal
dispersion. For example, using a sinusoidal source and a large
horizontal array, the modal wave number can be extracted
using the Hankel transform [3] and inverted using perturbative
methods derived by Rajan, Frisk and Lynch [4]. The work
reported here seeks to extract the modal group delay for the
center frequency of a transmitted pulse of known shape for
subsequent use in tomographic sound-speed profile inversion.
In the presence of modal dispersion, however, the received
wave form differs from the transmitted wave form, which
complicates the estimation of modal group delay.

The acoustics community has developed a number of sig-
nal processing approaches to estimate a frequency-dependent
modal group delay from measurements of a broadband im-
pulsive source traveling in a dispersive waveguide. One such
method is the dispersion-based short-time Fourier transform
(D-STFT), which uses a known dispersion curve to define a
transform with improved time-frequency tiling for dispersive
signals when compared to the standard short-time Fourier
transform [5]. The authors of the D-STFT also describe an
adaptive, iterative implementation that alternately estimates the
dispersion curve from the D-STFT output, then recomputes
the D-STFT using the updated dispersion curve estimate until
a convergence criterion is met. This adaptive implementation
was sucessfully applied to the estimation of modal group
delays of a combustive source in shallow water, with an
added intermediate step in the loop that fit the delay estimates
to a seabed model [6]. Another method, called warping,
aims to isolate overlapping, dispersive modal arrivals from
a broadband source on a single hydrophone, often for use
in geoacoustic inversion [7]-[9]. Warping applies a trans-
formation, determined by an approximate dispersion curve,
to the data to map modal arrivals to either a horizontal
(time-warping) or a vertical (frequency-warping) line in the
time-frequency plane. The modal arrivals can be separated



in a straightforward manner in the warped domain and then
unwarped back. The techniques behind these methods, which
were developed for the estimation of a dispersion curve with
an impulsive source, bear similarities to the method presented
here. In this tomographic application, the source wave form
is well-known and the source bandwidth is relatively small
in comparison with e.g. a combustive source. Therefore, the
method presented here makes use of the more restrictive
assumption that the dispersion of a given mode is well-
approximated by a Taylor expansion about the transmitted
pulse center frequency. Under this assumption, the received
signal wave form is determined by two unknown, deterministic
parameters: the group delay 7 at the center frequency and
a single dispersiveness parameter 5. The delay estimation
problem is therefore simply a parameter estimation problem
analogous to the classical problem of delay estimation in
the presence of unknown target Doppler, and the maximum
likelihood estimate is obtained by comparing the outputs of a
bank of matched filters corresponding to the possible received
wave forms [10].

The deterministic, parametric approach presented here takes
advantage of the relatively low internal wave energy level in
the Arctic Ocean, which is a consequence of its low stratifica-
tion and minimal wind-driven surface forcing [11]. In contrast,
mid-latitude tomography must contend with internal-wave-
induced scattering, which randomizes the modal arrivals and
spreads them in time except at very low acoustic frequencies
[12], [13]. In that case, a stochastic approach is better suited to
the tomographic modal group delay estimation problem [14].

After developing the signal processing procedure described
in this manuscript, the authors discovered that Poplawski and
Birdsall had independently developed a similar signal process-
ing procedure some years ago in the context of the Acoustic
Thermometry of Ocean Climate (ATOC) project [15], [16].
This work was never published in the peer-reviewed literature.
Further, the ATOC transmissions occurred in the mid-latitude
North Pacific Ocean where internal-wave-induced scattering
is important, and dispersion removal alone would not have
removed the spread. The dispersion correction procedure was
never applied to the long-range propagation data obtained
during the ATOC project.

This work is organized as follows. Section II describes
broadband modal propagation in a dispersive environment.
Section III introduces the signal model and the group delay
estimator. Section IV illustrates the method on a synthetic
modal pulse in a representative Arctic sound-speed profile.
Section V applies the method to mode-filtered transmissions
from the Coordinated Arctic Acoustic Thermometry Experi-
ment (CAATEX). Concluding remarks follow in Section VI.

II. MODAL PROPAGATION

The pressure field produced by a point source of frequency w
located at a depth z; on the z-axis of a cylindrical coordinate
system in an azimuthally symmetric, constant density acoustic
waveguide with sound speed c(r, z) satisfies the Helmholtz

equation
Z 1o,
or2  ror

along with boundary conditions at the surface and seafloor.
For a sound-speed profile that is independent of range and
azimuth, the solution in the far field can be expressed as a
discrete sum of normal modes
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where the normal mode depth functions W, satisfy the depth-
separated equation in terms of the corresponding horizontal
wave number k.,
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with boundary conditions at z = 0 and at the seafloor
z = Zgp. In this work, the surface is assumed to be pressure
release (¥,,,(0) = 0), and the bottom is assumed to be a
fluid halfspace with speed ¢, = 1600 m/s and p, = 2.0
g/cm3. The sound-speed profile c(z) is specified as the linear
interpolation of the profile at a set of sample depths that span
the water column. The horizontal wave numbers and normal
mode functions ¥,,, are then computed numerically by solving
(3) using the methods in the code KRAKEN [17].

The adiabatic approximation extends the range-independent
solution (2) to slowly varying range-dependent environments
common in underwater propagation [18]. The adiabatic solu-
tion is
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where U,,(z;r) and k,.m(r) denote the solution to (3) for
the sound- speed proﬁle ¢(r,z) at a given range r, and
Epy = + fo +m (7" )dr’ denotes the average modal wavenum-
ber along the transmlsswn path. The following analysis uses
the range-independent notation in (2); however, an adiabatic
range-dependent interpretation is obtained simply by replac-
ing the modal wavenumber k,.,,(w) with the range-averaged
wavenumber k., (w) and the mode function ¥,,, with the local
mode function at either the source or receiver location. The
method developed in this paper is not applicable to range-
dependent environments with mode coupling.

The field produced by a broadband source at » = 0 and z =
zs with wave form s(t) can be computed using the Helmholz
equation solution g, (r, z; z5) by the inverse Fourier transform
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p(r, z,t) =

where S(w) is the Fourier transform of the source wave
form. Inserting the modal solution (2) above and exchanging
summation and integration, the field is seen to be a sum of

modal time series
p(r, z,t) Z D (1, 2, 1) (6)



where each modal time series is given in terms of the modal
transfer function
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The explicit dependence of H,, and p,, on the source depth
zs 1s suppressed for notational convenience.

Equation (8) produces the received modal wave form in
terms of the modal transfer function H,,(r, z,w). To gain some
intuition into the effect of modal propagation on the received
wave form, first assume that |H,, (7, z,w)| is constant over the
source bandwidth and the horizontal wave number is linear
in frequency. For a linear horizontal wave number k., (w) =
Sm-(w—wp) (constant s,,) and constant magnitude | H,, (r, z)|,
the modal transfer function is linear phase with slope s,,.
Therefore, p,, (7, 2, t) is simply a scaled and time-delayed copy
of the transmitted wave form

P (7, 2,1) o< s(t — Sp7). )
The wave number slope s,, is the modal slowness, and
Tm = Sm7 1S the modal delay time, which in this case is

independent of frequency. The delay 7,, can therefore be
estimated by matched filtering the received signal with the
transmitted wave form.

In many propagation cases of interest, it is reasonable
to assume that |H,,(r, z,w)| varies slowly over the source
bandwidth and the horizontal wave number is non-linear in
frequency. At a large range r > 0, for most times ¢ the phase
in the modal transfer function, and therefore the phase in (8),
varies rapidly with w and the received pressure field is very
small (approaching 0 for 7 — oo by the Riemann-Lebesgue
lemma). The exception to this occurs at times 7, (w) = d’“”" T
for w in the source bandwidth. At such times, the 1ntegral in
(8) can be approximated using the method of stationary phase
[19], [20]:
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The quantity s,,(w) = d(ki;m is again the modal group slow-

ness, which now depends on frequency w due to the assumed
non-linearity of k,,,(w). Each frequency in the transmitted
signal arrives at its own time 7,,(w) = S, (w)r, resulting in
dispersion of the signal. The degree of dispersion is quantified
by the derivative of the delay with respect to frequency

dr A%k
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and increases with both range and the non-linearity of the
wave number.

From the preceding discussion, we can identify the waveg-
uide “dispersiveness” for a single modal time series with the

. 2
function %, or, equivalently, Also note that from

(10), the received amplitude is proportlonal to the inverse of
the square root of this quantity, so that signal-to-noise ratio
degrades with increasing dispersion. The received wave form
is no longer a delayed copy of the transmitted wave form,
and there is not a single group delay that applies to the entire
received wave form.
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III. GROUP DELAY ESTIMATION IN A DISPERSIVE
WAVEGUIDE

This work is interested in the estimation of the modal group
delay 7., (wp) = d’;:dm o, T at the frequency wo. Assume that
we have isolated a single modal time series p,, (), for example
by windowing the received time series on a time-separated
modal arrival or by mode filtering with a vertical array. The
measured time series is corrupted with additive white Gaussian
noise n(t)

Ym(t) = pm(t) +n(t). (12)

Also assume that the modal amplitude is approximately inde-
pendent of frequency, so that p,,(t) has Fourier transform

P (w) x S(w)e*jk"”’"(“’)r. (13)

In order to estimate the modal group delay, Taylor expand
krm(w) about wy and retain terms to second order

Erm (W) = Epm (wo) + 8m(w — wo) + B (w — wo)?  (14)
where s,, = dkem w, 18 the slowness and B, = 1 %

is the dispersiveness parameter. This second order truncation
will not be valid for a very broadband source, but is reasonable
for the source considered in this work. Inserting this into (13),
we obtain
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which is seen to be equivalent to a time delayed copy of a
distorted wave form

Pm (t) = §(t — Tm; Bm)
where the Fourier transform of the distorted wave form § is
S(w) = AS(w)e_jﬂm(‘”_“"’)zr. (17)

A is a complex constant determined by the modal amplitude
and phase, and the delay is 7, = s,,7. The measured time
series is therefore

y’m(t) = g(t — Tm; ﬂ'rn) + Tl(t),

from which an estimate of 7, is sought.

In this work, 7,,, and (3, are jointly estimated with maxi-
mum likelihood estimation. It is shown in Appendix A that for
additive white Gaussian noise this is equivalent to maximizing
the modulus of the matched filter output |R(7, 5)|

Tﬁ_‘/ ym
over 7 and f3.

Alternatively, one can view the proposed method as first
applying an all-pass filter with phase e/8(“— @)’ in order

(16)

(18)

“(t —7;p)dt (19)



to correct the received data before matched filtering with the
original source wave form. To see this, write the matched filter
in the frequency domain

R(r,B) = (20)

/ Yy (w)S* (w3 B)e?™ 7 dw,

which can be rewritten using (17)
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The term (Y, (w)e’? (‘*’*“’U)QT> is the all-pass filtered received
data in the frequency domain. This is similar to the mode
reversal method presented by Bonnel et al. [21], [22] which
applies an all-pass filter with phase e?*r=(“)" to isolated modal
time series. It also bears similarities to the D-STFT method,
which adds a quadratic phase term to the STFT, though the
analog to § in the D-STFT is a function of both time and
frequency in the transformation.

In this section the modal amplitude was assumed to be
constant over frequency, which is a good approximation for
the results presented in this work. Appendix B provides the
matched filter in the more general case where the modal
amplitude varies over frequency. It also shows that the simpler
matched filter (21) will produce an unbiased delay estimate as
long as the modal amplitude does not change sign over the
source bandwidth.

IV. SIMULATION

The modal group delay estimation method of the previous
section is now applied to synthetic data representative of
transmissions made during CAATEX. During the experiment,
sources transmitted 35 Hz broadband signals which were
received at a number of moorings. The simulation is designed
to represent a ~877 km transmission path across the Canada
Basin from the transceiver mooring SIO1 to to the receiver
mooring SIO3. The sound-speed profile used in the simulation,
typical of the Canada Basin, is shown in Fig. 1. The corre-
sponding modal dispersion over the source bandwidth along
the path from SIO1 to SIO3 is shown in Fig. 2. The simulation
focuses on mode 3 because it is the most dispersive mode
along this transmission path.

The transducer in the experiment is modeled as the output of
a linear damped harmonic oscillator with resonant frequency
fr =35 Hz and @ factor 8.0 driven by a sinusoid at fy = 35
Hz for 8 cycles. We generate 16384 samples of the source
wave form at an 1120 Hz sample rate (14.63 s duration). The
transmitted signal is shown in Fig. 3, along with the envelope
obtained by complex basebanding the wave form at 35 Hz
and low-pass filtering. The bandwidth of the signal, defined
as fo/Q, is ~ 4 Hz. The source wave form is advanced in
order to align the envelope peak at the time origin.

To model single mode broadband pulse propagation, the
depth-separated wave equation (3) is solved for the horizontal
wave numbers k., (f;) and the modal functions V¥,,(z, f;)
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Fig. 1. Canada Basin sound-speed profile used for simulation.

on a discrete grid of frequencies. A single modal pulse is
synthesized using an inverse discrete Fourier transform (DFT)
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where S[f;] is the DFT of the transmitted waveform,
Rs = 877 km is the source-receiver range, z, = 60
m, and z. = 100 m. The constant C = YR

N
[maxfi U, (287fl erfz /\/ rm fz

was chosen so
that the propagation is approximately unity gain.

To test the group delay estimator, the matched filtered output
R(7,B) in (19) (equivalently (21)) is computed for mode 3
using the known source wave form and over a range of values
of 5. The maximum likelihood estimates of 7,, and Bm are
the values which maximize |R(r,)|. For comparison with
the estimates, the correct values of 7,,, = dfl% oo R, and
Bm = % dzljjz"‘ ‘ are computed using a
centered finite difference approximation. A comparison of the
matched filter output |R(7, 3)| using no correction (8 = 0)
and using the correct dispersiveness value S = (3, is shown
in Fig. 4. Using the correct value of (3, the matched filter output
magnitude increases by a factor of 2 over the naive matched
filter (5 = 0), corresponding to an increase of 6 dB signal-to-
noise ratio. Additionally, the naive matched filter output has a
small bias of approximately 30 ms due to mismatch between
the received wave form and the source wave form.

In real data, the parameter 3,, is not known a priori and
must be jointly estimated along with the group delay 7,,. The
matched filter output using a range of values of 8 = 0.0 to

at wy = 2m x 35 571



610 -
[
608 -
—_— m=1
— _m:
© — m=3
606
- —_—m =4
_
—m
604 -

33 34 35 36 37
Freq. (Hz)

Fig. 2. Modal group delay as a function of frequency at a range of 877 km
for the sound-speed profile used in the simulation results (shown in Fig. 1).
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Fig. 3. Simulated transmitted wave form (blue) and envelope after demod-
ulation (black). The peak of the envelope, which has a small filter delay, is
aligned with ¢ = 0.0.

B = 20, is shown in Fig. 5. It is seen that the maximum
matched filter output occurs for the correct value of 5 = G,
and the correct group delay 7 = 7,,,. The slight tilt of the cost
function surface with respect to 3 results in the biased delay
estimate for the uncorrected wave form (3 = 0).

V. DATA

We now apply the method to estimation of modal group
delay to measured transmissions from CAATEX. We look
at transmissions from the transceiver moorings SIO1 and
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Fig. 4. Matched filter output for the simulated mode 3 wave form with (blue
line) and without (black line) the dispersion correction. The group delay at
the center frequency 35 Hz is shown as a dashed black line. The peak of
the matched filter output without accounting for dispersion is biased from the
true value by around 30 ms. The input and replica signal wave forms have
been normalized to unit energy, so that the matched filter output magnitude
can be interpreted as a correlation coefficient. The peak of the blue curve is
the maximum likelihood group delay estimate.
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Fig. 5. Simulated matched filter output contoured for different values of
dispersiveness 3 and modal group delay 7 at the center frequency 35 Hz.
Dashed black lines indicate the true values (3,, and 7p,. Solid black line
shows maximum likelihood delay estimate for each 8. Note the bias in this
estimate for incorrect choice of 3.
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Fig. 6. The locations of the transceiver moorings SIO1 and NERSC1 and the
receiver mooring SIO3, along with geodesics (white dashed lines) from SIO1
to SIO3 and from NERSCI to SIO3. The colorscale indicates water depth,
with a maximum value of 4000 m.

NERSCI measured on the receiver mooring SIO3. For each
source, results are presented for the most dispersive mode,
which is mode 3 for SIO1 to SIO3 and mode 2 for NERSC1
to SIO3 as predicted by a reference sound-speed profile for
the path obtained from the World Ocean Atlas [23]. Although
results for the most dispersive modes are presented here,
modal group delays for all resolvable modes would be used in
inversions for the ocean sound-speed field. The three moorings
are shown in Fig. 6. The transmission paths from SIOI to
SIO3 and from NERSCI1 to SIO3 have lengths of 877 km and
2566 km, respectively. The sources on the moorings SIO1 and
NERSCI1 were at depths of about 60 m. The mooring SIO3
has 40 hydrophones at 30-m spacing from ~ 50 m depth to
~ 1200 m depth.

Modal time series are obtained by first windowing + 2 s
around the expected arrival times with a Tukey window (v =
0.5 as defined in Harris [24]). A spatial mode filter is then
applied to the windowed data to obtain gain over noise and
reject any other modes received in the window. A simple linear
mode filter using the sampled mode shapes is used [25], for
which the modal time series is

N,
Ymlte] = D Ymlzalynte] (23)
n=1

where n denotes the hydrophone index, IN,, = 40 is the number
of hydrophones, ¥,,[z,] is the mode shape (at the receiver
location) sampled at the array depths, and y., [t;] is the sampled
time series of the nth hydrophone. Windowing the reception in
time prior to spatial filtering avoids crosstalk from high order
modes that are not well resolved by the array [12]. Local
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Fig. 7. Comparisons of dispersion corrected wave form to uncorrected wave
form from a transmission during CAATEX from SIO1 to SIO3. The blue
wave form corresponds to the matched filter output magnitude with the replica
wave form that uses the maximum likelihood estimate of 3. The black wave
form corresponds to the matched filter output magnitude using the transmitted
signal wave form.

temperature measurements made on the receiver mooring at
the hydrophone depths were used to estimate the local sound-
speed profile, which was subsequently used to compute the
mode shape ¥, required for the mode filter in (23). The
mode filters for modes 2 and 3, analyzed in this section, are
insensitive to the exact sound-speed profile used and have no
sensitivity to the sound-speed below a depth of ~ 800 and
~ 1000 m, respectively.

As in the simulation results, the group delay and dispersive-
ness parameter 3 are estimated from the mode filtered time
series by maximizing the matched filter modulus over 7 and 3
using a simple grid search. Fig. 7 shows matched filter outputs
|R(7,8)| for mode 3 from SIOI1 to SIO3 at 5 = 0 (naive
delay estimation) and at the maximum likelihood estimate /3’
The proposed method increases the peak magnitude by nearly
a factor of 2, i.e. 6 dB, and the difference in the matched
filter peak output location is on the order of a few hundred
milliseconds.

We also compare the performance of the proposed delay
estimator over the roughly one year experiment duration. For
multiple transmissions, a variety of joint estimation approaches
may be taken that incorporate prior correlations on the delay 7
and dispersiveness 3. A simple approach is taken here: the dis-
persiveness [ is assumed to be constant over the experiment,
and no correlation of 7 is assumed from one transmission
to the next. With these assumptions, the maximum likelihood
estimate B applicable to the full experiment, is obtained by
maximizing the sum of the squared matched filter peak output
over all transmissions. We compare the matched filter output
power for all transmissions at 3 = 0 and 8 = B on mode 3
from SIO1 to SIO3 and mode 2 from NERSC1 to SIO3, shown
in Fig. 8 and Fig. 9, respectively. The dispersion correction
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Fig. 8. Matched filter output power |R(T,3)|? in decibels for Mode 3

receptions from SIO1 to SIO3 for 8 = 0 (top) and using the estimate [
that maximizes the peak matched filter output power averaged over the whole
experiment period (bottom). The delay estimate for each transmission is shown
as a white cross. The gap in receptions in June and July is due to a source
malfunction. The colorscale is normalized to be interpreted as signal-to-noise
ratio.

sharpens up the received signal peak and increases the power
of the matched filter output by approximately 6 dB. The delay
estimates for the estimated [ value demonstrate much greater
correlation from one transmission to the next and also lower
overall variance when compared to the delay estimates using
the transmitted source wave form.

VI. CONCLUSION

This work models the received modal wave form from a known
tomographic signal in terms of a delay 7 and dispersiveness
B. Both 7 and (8 are treated as deterministic unknown pa-
rameters, and can therefore be estimated in a straightforward
manner from a measured signal by maximum likelihood. The
maximum likelihood estimate is obtained by matched filtering
the received signal with a bank of replicas corresponding to
the possible values of the dispersiveness 3. This is analogous
to the joint estimation of delay and Doppler common in
radar. The method was applied to both simulation and acoustic
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Fig. 9. Matched filter output power |R(7,3)|? in decibels for Mode 2
receptions from NERSCI to SIO3 for 8 = 0 (top) and using the estimate
(B that maximizes the peak matched filter output power averaged over the
whole experiment period (bottom). The delay estimate for each transmission
is shown as a white cross. The colorscale is normalized to be interpreted as
signal-to-noise ratio.

tomography data from CAATEX. The simulation indicated the
presence of a small bias (~ 30 ms) in group delay estimation
that does not consider the modal dispersion. On data, the
method provides a nearly 6 dB increase in matched filter
output power and a dramatic improvement in the estimation
of mode 3 group delay across the Canada Basin and mode 2
group delay along a trans-Arctic path.
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APPENDIX A
MATCHED FILTER FOR MAXIMUM LIKELIHOOD
ESTIMATION

The measured modal time series is
AS(t — T Bm) + n(t)

where A, 7, and 3,, are unknown and deterministic ampli-
tude, delay, and dispersiveness parameter, respectively, and
n(t) is a white Gaussian noise random process with power
spectral density o2. The corresponding log-likelihood of the
modal time series data y,,(t) conditioned on A, 7,,, and 5,

ym(t) = (24)

1 & -
AT,y B, A) = _ﬁ/ Y (t) — A3(t — Ty Br)|2dt + C

(25)
where C is a normaligation constant. The maximum likelihood
amplitude estimate A,y conditioned on 7, and 3, can be
found analytically and is

A . f,oooo ym(t)g*(tf’rm;ﬂm)dt
Anir = ffooo |§(t — Tm; ﬁm)‘gdt . (20

The log-likelihood function at the maximum likelihood esti-
mate of A is, up to a normalization constant, given by

/ Pl

|fym t_vaﬂm)dt‘Q
2U2f| t—Tm,Bm)|2dt

The maximum of the log-likelihood coincides with the maxi-
mum of

A(Tma 5m7 AML
(27)

‘fym Tmaﬁm)dtP
U2f\s thm;ﬂm\ dt

From (17), the energy of the distorted wave form $(t; 8,,) is
independent of the dispersiveness [3,,. Therefore, the maxi-
mum of J occurs at the maximum of the numerator, which is
seen to be the modulus-squared of the matched filter output

J(Ton, Bm) = (28)



R(7m, Bm) (19). For a more in-depth description of maximum
likelihood estimation, the reader is referred to the textbook of
Kay [26].

APPENDIX B
THE EFFECT OF A FREQUENCY-DEPENDENT MODAL
AMPLITUDE

The matched filter in (20) is defined in terms of the distorted
source waveform 3, which for a constant modal amplitude is
given by (17). This leads to the matched filter in (21) with
transfer function

Hyp(w) = S (w)elPemeo’r, (29)
which can be written in polar form as
Hayr(w) = |S(w)|efj[<1>s(W)f/3(w7wo)2r]. (30)

With a frequency-dependent modal amplitude, the distorted
wave form is

S(w) = A (W)|S ()| [Ps@)=Blomwa®] 31y

where the modal amplitude A,,(w) is real-valued. As an
example, for a single receiver at depth z,.,

A (W) = U (25;0) U (20 W) /A K (W) (32)

The matched filter transfer function for this more general case
is

Hypr () = A (w)|S(w)]e (P00 - (33)

which is seen to differ from the constant amplitude filter
(29) by the real-valued weighting A,,, (w). Birdsall [27] shows
that the multiplication of a matched filter transfer function
by a real-valued, non-negative function does not change the
expected peak output location (i.e. the peak location in the
absence of noise). Therefore, if A,,(w) does not change sign
over the source bandwidth, the expected delay estimates using
(29) and (33) coincide. In this case, A,,(w) in (33) functions
as an amplitude weighting that maximizes the signal-to-noise
ratio but does not move the expected peak location. However,
if A,,(w) changes sign over the source bandwidth, then (29)
is no longer matched phase, so an unbiased delay estimate is
no longer guaranteed.



